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Asymptotics with a positive cosmological constant:
I. Basic framework
Abhay Ashtekar,∗ Be´atrice Bonga,† and Aruna Kesavan‡
Institute for Gravitation and the Cosmos & Physics Department,
Penn State, University Park, PA 16802, U.S.A.
The asymptotic structure of the gravitational field of isolated systems has been
analyzed in great detail in the case when the cosmological constant Λ is zero. The
resulting framework lies at the foundation of research in diverse areas in gravitational
science. Examples include: i) positive energy theorems in geometric analysis; ii) the
coordinate invariant characterization of gravitational waves in full, non-linear gen-
eral relativity; iii) computations of the energy-momentum emission in gravitational
collapse and binary mergers in numerical relativity and relativistic astrophysics; and
iv) constructions of asymptotic Hilbert spaces to calculate S-matrices and analyze
the issue of information loss in the quantum evaporation of black holes. However,
by now observations have established that Λ is positive in our universe. In this pa-
per we show that, unfortunately, the standard framework does not extend from the
Λ = 0 case to the Λ > 0 case in a physically useful manner. In particular, we do
not have positive energy theorems, nor an invariant notion of gravitational waves
in the non-linear regime, nor asymptotic Hilbert spaces in dynamical situations of
semi-classical gravity. A suitable framework to address these conceptual issues of
direct physical importance is developed in subsequent papers.
PACS numbers: 04.70.Bw, 04.25.dg, 04.20.Cv
I. INTRODUCTION
The analysis of asymptotic structure of the gravitational field is rather subtle in general
relativity because the field of interest itself determines the space-time geometry that is
needed to specify the boundary conditions at infinity. The ensuing difficulties have been
systematically overcome starting with the pioneering work of Arnowitt, Deser and Misner
(ADM) at spatial infinity [1–3] and Bondi, Sachs, Newman and Penrose at null infinity [4, 5].
The resulting frameworks continue to lie at the foundation for a large body of research in
classical and quantum gravity.
The ADM framework provided an invariant notion of the total energy-momentum of
isolated gravitating systems. Because the gravitational potential energy is negative, at
first it was not clear whether the total energy is always positive. In fact, in the 1970s
serious attempts were made to construct counter-examples. However, subsequent research
established that the ADM energy is necessarily positive [6, 7] and that the total 4-momentum
∗Electronic address: ashtekar@gravity.psu.edu
†Electronic address: bpb165@psu.edu
‡Electronic address: aok5232@psu.edu
ar
X
iv
:1
40
9.
38
16
v2
  [
gr
-q
c] 
 17
 O
ct 
20
14
2is necessarily time-like [8] so long as matter satisfies suitable energy conditions. The ADM
energy thus provides a new invariant for certain asymptotically flat 3-manifolds which has
sparked significant research at the interface of general relativity and geometric analysis.
Applications of the Bondi framework [4, 5] span an impressive array of contemporary
research. Prior to the introduction of this framework, there was considerable controversy
on the physical reality of gravitational waves. Already in 1917, Einstein had isolated the
radiative modes of the gravitational field in the linear approximation and derived the cele-
brated quadrupole formula. The debate was whether this was an artifact of linearization;
i.e., if one could really distinguish physical gravitational waves from coordinate effects in full,
non-linear general relativity.1 The C-metric, discovered by Levi-Civita [10] in 1919 provides
a good illustration. This solution to Einstein’s equations appeared to admit gravitational
waves but it also appeared to be stationary, prompting many researchers to believe that the
waves were merely coordinate artifacts. It was much later that a detailed analysis of this
metric using null infinity firmly established that the ‘pair of black holes’ described by the
metric does emit energy in the form of gravitational waves [11, 12]; there is no contradiction
because what was believed to be a ‘stationary’ Killing vector is in fact a boost [13].
Bondi and his coworkers resolved the initial confusion by constructing a framework in
which the issue could be analyzed in an invariant fashion. Specifically, because gravitational
waves propagate along null cones in general relativity, they constructed a systematic expan-
sion of the metric as one moves away from the sources in null directions and studied asymp-
totics at null infinity, in contradistinction to the ADM framework which focuses on spatial
infinity. This construction was cast in a more convenient form through conformal tech-
niques by Penrose [14] where null infinity is represented as the boundary, I, of the physical
space-time in its conformal completion. From the curvature of the gravitational connection
D defined intrinsically on I, one can then construct an invariant, second rank, trace-free,
transverse tensor field Nab on I, called the Bondi news [15]. The two free components of Nab
provide an invariant characterization of the two radiative modes of the gravitational field
in full general relativity. Thus a given asymptotically flat space-time admits gravitational
radiation if and only if Nab 6= 0. Fluxes of energy and momentum emitted by an isolated
gravitating system, such as a compact binary, are expressed as integrals of |Nab|2, with suit-
able weights that correspond to the component of energy-momentum of interest [16]. (In
particular, Nab 6= 0 for the Levi-Civita C-metric [12]). Finally, the non-triviality of the
distinction between exact general relativity and its linearized approximation is brought to
the forefront by the fact that, in presence of gravitational radiation, even near I, one cannot
tease out a canonical flat metric ηab from the physical metric gab to obtain an unambiguous
expansion gab = ηab + (1/r)hab to this leading order. As a result, the asymptotic symmetry
group is not the Poincare´ group as one would have first expected, but an infinite dimensional
generalization thereof, the Bondi Metzner Sachs (BMS) group B [4, 15]. Consequently, if
Nab 6= 0, there is an infinite dimensional, ‘super-translation’ ambiguity in the definition of
angular momentum of isolated gravitational systems in general relativity [16, 17]. In quan-
tum theory, this enlargement is directly related to the infrared issues associated with the
full, non-linear gravitational field [15, 18].
The Bondi et al framework provides the conceptual basis for calculations of gravitational
1 This discussion was not limited just to a fringe of the research community. Surprising as it may now seem,
leading thinkers including Einstein and Eddington argued against the physical reality of gravitational
waves. See e.g. [9].
3radiation in numerical simulations and in arriving at their astrophysical implications. The
waveforms that play a key role at the interface of numerical relativity and data analysis
refer to the connection D, or its curvature Nab, or the time derivative of Nab, encoded in
the component Ψ4 of the asymptotic Weyl tensor at I. The BMS group B admits a unique
4-dimensional, Abelian normal sub-group T which, in Minkowski space, can be naturally
identified with the group of translations [19]. One uses this group to calculate the fluxes
of energy-momentum across I. For example, in a binary coalescence, one finds that the
gravitational radiation carries away 3-momentum in the center of mass frame, whence the
final black hole receives a ‘kick’ in this frame [20] with interesting implications to astrophysics
of both solar-mass and supermassive black holes. Had the asymptotic symmetry group been
just the full diffeomorphism group Diff(I), these calculations would have no coordinate
invariant significance. Thus, while the Bondi framework is not always explicit in these
calculations, it lies at their foundation. Conceptual subtleties such as the structure of the
BMS group B and the precise meaning of gravitational radiation have a direct impact on
the final physical results.
Penrose’s null infinity I and the translation sub-group T of the BMS group B also lie at
the heart of the construction of asymptotic Hilbert spaces in quantum field theory of zero
rest-mass fields in black hole space-times. For, it is the availability of T that enables one to
decompose fields into positive and negative frequency parts on I —or, to select uniquely the
complex structures on the phase spaces of these fields— in order to construct the Fock rep-
resentations. One then finds that the one particle Hilbert spaces provide unitary, irreducible
representations of all of the Poincare´ sub-groups of B. The corresponding Casimir operators
then unambiguously attribute zero mass and appropriate spin to these fields [15]. Note that
these Hilbert spaces are well-defined even when the underlying space-time is non-stationary;
Nab need not vanish at I. In particular then, these constructions are meaningful on the dy-
namical semi-classical space-times that include the back reaction from quantum evaporation
of black holes [21]. Had this not been true, then there would be no adequate asymptotic
Hilbert spaces to define a S-matrix and the question of its unitarity and information loss
could not even be phrased. Finally, thanks to this structure at I, one can construct asymp-
totic Hilbert spaces even for the radiative modes of the full, non-linear gravitational field
[15] and analyze conceptual issues such as whether CPT will be violated in full quantum
gravity.
All this rich structure refers to the case Λ = 0. What is the situation for Λ > 0? Penrose’s
construction of null infinity naturally generalizes; he showed this already in his first papers.
I is again a boundary of the physical space-time within its conformal completion. But it
is now space-like. Consequently, as we will see in detail, the asymptotic symmetry group
—the direct analog of the BMS group B— is now the the full diffeomorphism group Diff(I)
of I. There is no natural analog of the Bondi news to characterize gravitational radiation in
the full non-linear context. Indeed, in the description of isolated gravitating systems, there
is no known strategy to impose even the elementary requirement of ‘no incoming radiation
condition’ at I−.
A common strategy is to try to improve on this situation by imposing an extra require-
ment: demand that the intrinsic geometry of I be conformally flat. At first, this strength-
ening seems very natural because in the conformal completion of de Sitter space-time (that
replaces Minkowski space-time in the transition from Λ = 0 to Λ > 0) the intrinsic geometry
of I is in fact conformally flat. Furthermore, once this condition is imposed, as we will see,
the asymptotic symmetry group reduces from Diff(I) precisely to the 10-dimensional de
4Sitter group GdS! Therefore, one can now hope to define 10 de Sitter charges —that would
naturally extend the notion of the Bondi momentum— and fluxes of these charges across I
would provide us with expressions analogous to the fluxes of Bondi momentum, now for the
Λ > 0 case. Therefore the strategy seems very attractive. Additional support for it comes
from the much studied Λ < 0 case, where one does generally ask that the intrinsic metric of
I be conformally flat [22, 23]. For, in the Λ < 0 case, I is time-like whence, in any case, one
needs an additional boundary condition to make the evolution well-defined and it turns out
that the conformal flatness requirement can be regarded as a natural ‘reflective boundary
condition’ [22, 24].
But for Λ > 0, as we just pointed out, I is space-like, and a ‘reflective boundary con-
dition’, or indeed any boundary condition would be an additional restriction on the space
of permissible initial data at I. One might hope that these extra conditions are somehow
harmless. But a detailed examination will show that this is unfortunately not the case! It is
a genuine restriction that removes by hand half the permissible data and this elimination has
no physical basis whatsoever. In fact the restriction is so severe that it rules out non-zero
fluxes of de Sitter charges. Thus, if we imposed this condition we would find that gravita-
tional waves do not carry away (de Sitter) energy or momentum across I! We will show
in detail how these consequences arise. But if we do not impose this additional boundary
condition, we seem to face the opposite difficulty. Now the structure at I is so weak that
none of the advances in the Λ = 0 case we discussed above will extend to the Λ > 0 case, no
matter how small Λ is. The goal of this series of papers is to show that one can supplement
this framework appropriately so as to address issues of direct physical interest in the Λ > 0
universe we inhabit. A brief summary of this program can be found in [25].
In this first detailed paper, we focus on the standard strategies and show how the diffi-
culties discussed above arise. The paper is organized as follows. In section II we summarize
the notion of asymptotically de Sitter space-times. The basic definition due to Penrose is
extended to incorporate isolated systems including black holes and the cosmological space-
times as they are commonly treated in the literature. We also discuss the asymptotic fields
and equations they satisfy at I. All this structure will be useful not only in the sections
that follow but also in subsequent papers. Section III discusses examples. The Vaidya-de
Sitter solution is particularly interesting because it brings out certain features associated
with non-trivial dynamics. Section IV discusses symmetries and the associated definitions
of conserved charges. In particular, the role played by the additional requirement of con-
formal flatness of the intrinsic metric on I is spelled out. At first this framework seems
satisfactory. Section V explains in detail why this is not the case. Section VI summarizes
the results and discusses other conceptual issues that arise in the passage from Λ = 0 to
Λ > 0 cases. These can be addressed by the new strategy introduced in the second [26] and
the third [27] papers in this series.
Our conventions are as follows. Throughout we assume that the underlying space-time
is 4-dimensional and the space-time metric has signature -,+,+,+. Physical fields will carry
hats while those which are well defined on the conformal completion will be unhatted. The
curvature tensors (in the completion) are defined via: 2∇[a∇b]kc = Rabcdkd, Rac = Rabcb and
R = Rabg
ab.
5II. ASYMPTOTICALLY DE SITTER SPACE-TIMES
This section is divided in two parts. In the first, we present definitions of asymptotically
de Sitter space-times by mimicking the procedure used in asymptotically anti-de Sitter
space-times [22, 28] (see also [23]). While the basic underlying idea is completely parallel
to that used in the Λ = 0 case, it is now natural to allow for three different topologies of I
which arise in the most common applications. In the second part, we summarize the basic
consequences of the conditions in the definition. These results will be used in sections IV-V.
A. Definitions
Definition 1: A space-time (Mˆ, gˆab) will be said to be weakly asymptotically de Sitter if
there exists a manifold M with boundary I equipped with a metric gab and a diffeomorphism
from Mˆ onto (M \ I) of M (using which we identify Mˆ and (M \ I)) and the interior of
M such that:
i) there exists a smooth function Ω on M such that gab = Ω
2gˆab on Mˆ ; Ω = 0 on I;
and na := ∇aΩ is nowhere vanishing on I; and
ii) gˆab satisfies Einstein’s equations with a positive cosmological constant,
i.e., Rˆab− 12Rˆgˆab + Λgˆab = 8piG Tˆab with Λ > 0; where Ω−1Tˆab has a smooth limit to I.
The two conditions in this definitions are direct generalizations of those used in the
asymptotically Minkowski space-times [29]. The first ensures that (M, gab) is a conformal
completion of the physical space-time (Mˆ, gˆab) in which the boundary I is at infinity with
respect to the physical metric gˆab. The condition ∇aΩ 6= 0 ensures that Ω can be used as
a coordinate on M ; we can perform Taylor expansions in Ω to capture the degree of fall-off
of physical fields. In terms of the physical space-time (Mˆ, gˆab), it ensures that Ω ‘falls-off
as 1/r’ i.e., has the same asymptotic behavior as in de Sitter space. The second condition
ensures that the matter fields fall-off appropriately in the physical space-time (Mˆ, gˆab). The
specific fall-off of Tˆab used here is motivated by the analysis of test fields in de Sitter space-
times. Standard matter fields such as the conformally coupled scalar field and the Maxwell
field, as well as more phenomenological matter fields such as dust and fluids satisfy this
condition. (In fact null fluids and Maxwell fields falls-off faster; Ω−2Tˆab has a smooth limit
to I.)
Remarks :
1) There is considerable freedom in the choice of the conformal factor. Given an admissible
conformal factor Ω, Ω′ = ωΩ is also admissible provided ω is smooth and nowhere zero on
M . One must make sure that physical quantities constructed from the rescaled metric gab
are all invariant under this rescaling.
2) We will see below that, because Λ > 0 (rather than Λ = 0), I is necessarily space-like
(rather than null). Still, as in asymptotically Minkowski space-times, we can have both
future and past boundaries I+ and I−: The causal future of I+ is I+ itself and the causal
past of I− is I− itself. In what follows, unless otherwise stated, by I we will mean I+ or I−.
For certain global issues —in particular for a satisfactory definition of a black hole— one
needs to strengthen Definition 1 by requiring that I be complete.
Definition 2: A weakly asymptotically de Sitter space-time (Mˆ, gˆab) will be said to be
6asymptotically de Sitter if I is geodesically complete w.r.t. gab.
So far we did not specify the topology of I. Three topologies are of special interest for the
most important of physical applications. Therefore we introduce the following classification
of asymptotically de Sitter space-times.
• (Mˆ, gˆab) will be said to be Globally asymptotically de Sitter if it admits a conformal
completion satisfying conditions of Definition 1 in which I has the topology of a
3-sphere S3. de Sitter space-time with its standard completion belongs to this class.
• (Mˆ, gˆab) will be said to be Asymptotically de Sitter in a Poincare´ patch if it admits a
conformal completion satisfying conditions of Definition 1 in which its I has topology
R3 ' S3 \ {p}. The standard completions of the Friedmann-Lemaˆıtre cosmologies,
for example, belong to this class where the point p represents spatial infinity, io.
Therefore, this topology is of interest particularly in cosmological applications.
• (Mˆ, gˆab) will be said to be Asymptotically Schwarzschild-de Sitter if it admits a con-
formal completion satisfying conditions of Definition 1 in which its I has topology
S2 × R ' S3 \ {p1, p2} on I. The standard completion of Schwarzschild-de Sitter
space-time falls in this class, where the point p2 again represents spatial infinity i
o and
the point p1 represents future or past time-like infinity i
± on I±. This topology is of
interest in the discussion of compact isolated systems such as stars and black holes.
Note that a physical space-time can belong to more than one class, depending on the
choice of the conformal factor. For example, given the standard conformal completion of
de Sitter space-time in which I has S3 topology, one can choose another conformal factor
ω′ = αΩ to obtain a completion in which it has R3 topology: the required α will simply
diverge at a point p on S3 at an appropriate rate, ‘opening up’ S3, and the point p would then
have the interpretation of being the point io at spatial infinity. The new completion would
make (M, gab) ‘asymptotically de Sitter in a Poincare´ patch’. Similarly, given the standard
S3 completion, we can choose a conformal factor Ω′ = βΩ which diverges at appropriate
rates at two points which will represent io and i± on I± of the resulting completion.
However, given the standard completion of the Schwarzschild-de Sitter space-time in
which I is topologically S2×R, it is not possible to choose a conformal rescaling β to obtain
a smooth rescaled metric gab and a S3 topology for I. The detailed discussion contained
in the subsequent sections will make these features transparent. Here we only note that in
the asymptotically Minkowski context, the topology of I is always S2 × R, irrespective of
whether the physical space-time of interest is just the Minkowski space-time or represents
a star or a black hole. This difference arises because, as we will discuss in sections III
and IV, whereas I is naturally ruled (by null geodesics) if Λ = 0, there is no such ruling
in the case when Λ > 0. One can also consider a topology S3 \ {p1, p2, . . . pn}. In this
case, one of the punctures will represent the point io at spatial infinity and the remaining
n− 1 punctures would represent compact objects. However, since these are distinct points
on I±, the physical distance between any two of them grows unboundedly in the distant
future/past. Therefore these cases will not be relevant to the study of individual isolated
systems normally considered in mathematical and numerical general relativity.
7Finally, as discussed in section I, sometimes a stronger restriction is imposed to reduce
the asymptotic symmetry group and define conserved gravitational charges in the Λ 6= 0
case. This additional boundary condition leads us to the final definition.
Definition 3: A space-time (Mˆ, gˆab) will be said to be strongly asymptotically de Sitter if
in a conformal completion satisfying conditions of Definition 2, the intrinsic metric qab on
I is conformally flat.
As discussed in section II B below, this condition turns out to be equivalent to requiring
that the leading order piece of the Weyl tensor have no magnetic part at I [22]. This stronger
condition is satisfied in the simplest examples normally considered —de Sitter, Friedmann-
Lemaˆıtre and Kerr-de Sitter— as well as Vaidya-de Sitter. However, we will see in [26] that
the condition fails (to the appropriate leading order) already when one allows perturbations
representing linearized gravitational waves on these space-times.
B. Asymptotic fields and their equations
In this sub-section, we will collect the immediate implications of Definition 1. The rea-
soning used is completely parallel to that in the Λ < 0 case [22, 28]. However, since not
all readers will be familiar with the details of the asymptotically anti-de Sitter space-times,
and since these results play an important role in the subsequent analysis, we will summarize
the main steps. In this discussion, the requirement of completeness in Definition 2 and the
choice of topology will not play any role as the considerations of this sub-section are local
to I.
Let us begin by expressing Einstein’s equation satisfied by gˆab in terms of the conformally
rescaled metric gab:
Rab − 1
2
gabR + 2Ω
−1 (∇anb − gab∇cnc) + 3Ω−2gabnc nc + Ω−2Λgab = 8piGTˆab , (2.1)
where, as before na := ∇aΩ. Multiplying (2.1) by Ω2 and evaluating the resulting expression
on I using our boundary conditions in Definition 1, we obtain
nana =ˆ − Λ
3
=: − 1
l2
. (2.2)
Here and throughout the paper =ˆ stands for equality at I and l denotes the cosmological
radius. Thus, na is time-like on I and consequently I is space-like. Hence condition iii)
of geodesic completeness in Definition 2 is equivalent to completeness with respect to the
Riemannian metric qab on I induced by gab. The space-like character of I immediately gives
rise to some conceptual complications. For example the ‘obvious’ strategy to impose the
no incoming boundary condition fails already in the case of Maxwell fields and one cannot
repeat the proofs of ‘peeling theorems’ that were used heavily in the early stages of the
analysis of gravitational radiation in the Bondi et al program (see, e.g., [30, 31]).
Next, recall that there is considerable freedom in the choice of Ω. It is easy to verify that
one can use this freedom to go to a conformal frame in which ∇ana=ˆ0. Throughout our
analysis we will make this restriction because this choice simplifies calculations considerably
[28]. In particular, Eq. (2.1) now implies that ∇anb=ˆ0, whence, in particular, the extrinsic
curvature, kab of I vanishes. Note, however, that our restriction on Ω still leaves a residual
8conformal freedom: Ω → Ω′ = ωΩ where the derivative of ω orthogonal to I vanishes,
na∇aω=ˆ0.
Using this conformal frame we will now show that the Weyl tensor Cabcd of gab vanishes
identically on I. Recall first that the Schouten tensor Sab := Rab− (R/6) gab of gab is related
to that of gˆab via
Sˆab = Sab + 2Ω
−1∇anb − Ω−2gab ncnc, (2.3)
and that the Riemann tensor can be expressed as
Rabcd = Cabcd + ga[cSd]b − gb[cSd]a , (2.4)
where Cabcd is the Weyl tensor. Taking the ‘curl’ of (2.3) and using (2.4), one obtains
∇[a(ΩSˆb]c) = Ω∇[aSb]c + Cabcdnd + gc[aSˆb]dnd , (2.5)
and Einstein’s equations in the physical space-time imply
Sˆab =
Λ
3
gˆab + 8piG
(
Tˆab − 1
3
Tˆ gˆab
)
≡ Λ
3
gˆab + T˜ab (2.6)
where Tˆ = Tˆpqgˆ
pq. Next, substituting (2.6) in (2.5) one obtains
Ω∇[aSb]c + Cabcdnd = ∇[a(ΩT˜b]c)− gc[aT˜b]d nd (2.7)
Since Ω−1Tˆab has a smooth limit to I, we conclude
Cabcd n
d =ˆ 0 (2.8)
on I. Now, since I is space-like, the Weyl tensor Cabcd is completely determined by its
electric and magnetic parts, Eac := l
2Cabcd n
bnd and Bac := l
2 ?Cabcd n
bnd and both these
fields vanish on I because of (2.8). Therefore, we conclude that the full Weyl tensor must
vanish on I:
Cabcd =ˆ 0. (2.9)
Note, however, that since this equality holds only on the 3-dimensional surface I, it does
not imply that the metric gab —or even the metric qab it induces on I— is conformally flat.
Next, we will discuss certain consequences of Bianchi identities that play an important
role in the definition of conserved gravitational charges at I. Let us begin with the contracted
Bianchi identity
∇dCabcd +∇[aSb]c = 0. (2.10)
Using the definition Kabcd = Ω
−1Cabcd of the asymptotic Weyl curvature, it therefore follows
that
lim
→I
[∇[aSb]c + Ω−1Cabcdnd] =ˆ 0. (2.11)
(2.7) now immediately implies that
lim
→I
[
Ω−1∇[a
(
Ω T˜b]c
)
− Ω−1gc[aT˜b]d nd
]
=ˆ 0. (2.12)
9Our boundary conditions on the physical stress energy tensor imply that Ω−1 Tˆab has a
smooth limit to I. Therefore, by writing (2.12) in terms of quantities that have a limit to
I we find that
lim
→I
[
2n[a Ω
−1Tˆb]c − gc[a Ω−1Tˆb]d nd − Ω−1Tˆpqgpq n[agb]c
]
=ˆ0 . (2.13)
The projections of this equation along nancqbm and n
aqbmq
c
n will have direct implications to
our later discussion:
lim
→I
Ω−1Tˆabnaqbm =ˆ 0, (2.14)
lim
→I
Ω−1Tˆabqamq
b
n =ˆ 0. (2.15)
Thus, while our basic definition only asked that Ω−1Tˆab should have a smooth limit to I,
Einstein’s equations and Bianchi identities imply that only one component, Ω−1Tˆab nanb, of
this limit can be non-zero.
Finally, recall that the definition of strongly asymptotically de Sitter space-times requires
that the intrinsic metric qab on I be conformally flat. What is the implication of this
additional restriction on properties of the asymptotic Weyl curvature? To analyze this
relation, let us first note that because the extrinsic curvature kab of I vanishes in our choice
of conformal frame, we can easily express the Riemann tensor Rabcd of the 3-metric qab in
terms of the Riemann tensor Rabcd of gab as follows
Rabcd =ˆ qakqblqcmqdnRklmn . (2.16)
Therefore, using (2.4) and the equation Cabcd =ˆ 0, the Ricci-tensorRab of qab can be expressed
in terms of the Schouten tensor Sab as
Rab − 1
4
Rqab =ˆ 1
2
qa
mqnb Smn . (2.17)
Recall that the metric qab is conformally flat if and only if its (Cotton or) Bach tensor
Babc := D[a(Rb]c− 14qb]cR) vanishes. We can now relateBabc to the asymptotic Weyl curvature
as follows:
Babc =ˆ
1
2
q ma q
n
b q
l
cD[mSn]l =ˆ −
1
2
q ma q
n
b q
l
cKmnlpn
p , (2.18)
where, in the last step we have used (2.5) and denoted the leading order Weyl curvature at
I by
Kabcd := Ω
−1Cabcd . (2.19)
It is easy to check that the right side of (2.18) vanishes if and only if the leading order
magnetic part
Bac := ?Kabcd n˚bn˚d = 3
Λ
?Kabcd nbnd (2.20)
vanishes, where n˚a is the unit future pointing normal to I. Thus, the additional restriction
that qab be conformally flat is equivalent to demanding that the asymptotic Weyl curvature
Kabcd at I have no magnetic part. Now, in electrodynamics, a restriction to Maxwell fields
Fab whose magnetic parts Ba vanish on a given space-like surface would be severe, as it
would cut the space of allowable Maxwell fields by half. We will see in section V, and in
[26], that the situation is similar in the gravitational case; the requirement of conformal
flatness of qab severely restricts permissible space-times and this restriction has no physical
justification.
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III. EXAMPLES
This section will discuss several examples of strongly asymptotically de Sitter space-
times, both stationary and dynamical, in which the three topologies of I discussed in section
II A are realized. Another interesting example —the Robinson Trautman with a positive
cosmological constant— is discussed in [? ].
A. de Sitter space-time
Since our Definition 1 is modeled after de Sitter space-time, it provides the simplest
example. We will discuss it briefly, mainly to compare and contrast with other examples.
Using the fact that de Sitter space-time can be realized as the unit time-like hyperboloid
in 5-dimensional Minkowski space, one can introduce standard ‘global coordinates’ τ, χ, θ, φ
and express the metric as:
dsˆ2 = −dτ 2 + l2 (cosh2 τ
l
)
(
dχ2 + sin2 χdω22
)
, (3.1)
where dω22 denotes the unit 2-sphere metric. These coordinates are tailored to a congruence of
cosmological observers with spatial sections τ = const that are round 3-spheres. Intuitively,
it is clear that future and past infinity I± should correspond to τ = ±∞. The functional
form of the radius of the spatial 3-sphere cross-sections —which diverges in these limits—
leads us to carry out a conformal completion by setting Ω = (cosh(τ/l))−1. The rescaled
metric then becomes
ds2 = Ω2dsˆ2 = − l
2
1− Ω2 dΩ
2 + l2(dχ2 + sin2 χdω22). (3.2)
Clearly the conformally rescaled metric gab is well-defined at the boundary Ω = 0 which
now has two disconnected components I±. Each of these components has topology S3 and
is endowed with a metric qab of a round sphere of radius l. Therefore it is geodesically
complete. Next, ∇aΩ is non-zero at these boundaries because gab∇aΩ∇bΩ=ˆ− l−2. Further-
more, since gˆab is a metric of constant curvature, the stress-energy tensor Tˆab as well as the
Weyl tensor Cˆabcd vanish identically everywhere in the physical space-time. Therefore, de
Sitter space-time satisfies Definition 3 and, this completion makes it strongly (and globally)
asymptotically de Sitter.
Remark:
As in the asymptotically Minkowski case [29], it is easy to show that every global Killing
field of the physical space-time admits an extension to the boundary and is tangential to
I. de Sitter space-time has 10 Killing vector fields. Since I± are space-like, every Killing
field is space-like at I± and in their neighborhoods. This is in striking contrast with the
situation in Minkowski space-time (see Fig. 1). If matter satisfies the weak-energy condition,
then the flux of energy of that field at I± is necessarily positive in Minkowski space-time
because time translations are future pointing null vectors at I±. In de Sitter space-time, by
contrast, while one can again single out a 3-parameter family of ‘time translations’, since
these Killing fields are space-like on and near I±, the associated flux of de Sitter energy
across I± can have either sign even when the stress-energy tensor satisfies all the standard
energy conditions.
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FIG. 1: Isometries near I of Minkowski and de Sitter space-times. Left Panel: Minkowski space-
time. The time translation Killing fields are time-like in a neighborhood of I and null on I. Right
Panel: de Sitter space-time. Since I is now space-like, all Killing fields of de Sitter are space-
like near and on I. The arrows represent a ‘time translation’ which changes its time-like versus
space-like character across cosmological horizons.
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FIG. 2: Conformal diagram of the Schwarzschild-de Sitter space-time. In contrast with the asymp-
totically flat case, this solution for an eternal black hole admits analytical continuations to the right
and left of the diagram, exhibiting an infinite number of black hole and white hole singularities.
Therefore, one generally makes an identification. Then the space-time has only one (white hole)
singularity in the past and one (black hole) singularity in the future. But now the Cauchy surfaces
have a topology S2 × S1 rather than S2 × R as in the asymptotically flat case. Also, we now have
additional (cosmological) horizons at r = rc and the ‘time translation’ Killing field (whose orbits
are shown in red dashed lines) is space-like near I.
B. The Schwarzschild-de Sitter solution
We will now consider examples that provide prototypes for describing non-dynamical
isolated gravitating systems. Let us first consider the Schwarzschild-de Sitter metric in
‘static coordinates’ t, r, θ, φ adapted to its four symmetries. While these coordinates do not
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provide a global chart, they suffice to cover the asymptotic regions. However, in contrast
to the Λ = 0 Schwarzschild solution, we now have not only black hole but also cosmological
horizons on which the chart breaks down (see Fig. 2). Therefore it does not simultaneously
cover neighborhoods of both future and past infinity. For definiteness we will focus on the
future asymptotic region. The physical metric is given by:
dsˆ2 = −f(r)dt2 + f(r)−1dr2 + r2dω22, (3.3)
where f(r) = 1− 2M
r
− r
2
l2
, (3.4)
and M is the Schwarzschild mass. Set Ω = l/r (so it is dimensionless) and consider the
conformally rescaled metric:
ds2 := Ω2dsˆ2 = −
(
Ω2 − 2M
l
Ω3 − 1
)
dt2 +
l2dΩ2
Ω2 − 2M
l
Ω3 − 1 + l
2 dω22 . (3.5)
Since the rescaled space-time metric gab is well-defined at Ω = 0 we can extend the physical
space-time manifold Mˆ to a manifold M by attaching the Ω = 0 surface which represents
I+. By inspection, I+ is space-like and topologically S2 × R because it is coordinatized by
r, θ, φ. Since gab∇aΩ∇bΩ=ˆ− l−2, clearly ∇aΩ is non-zero at I+. Next, in this completion,
the intrinsic metric qab on I+ is given by:
qabdx
adxb = dt2 + l2 dω22. (3.6)
Since t ∈ (−∞,∞), it is clear that (I+, qab) is geodesically complete. The end t = −∞
represents io and the end t = ∞ represents i+. We see explicitly that all the four Killing
fields of gˆab are tangential to I+, as they must be on general grounds. In particular, the
generator of the ‘time-translation’ symmetry is space-like on I+, and indeed in the entire
neighborhood of I+ that our ‘static’ coordinates cover. This is in striking contrast to the
Λ = 0 case where ∂/∂t Killing vector field is null on I and time-like in its neighborhood
covered by the static chart. Still, in the Λ > 0 case we will show in section V C that the
conserved quantity associated with ∂/∂t is again the Schwarzschild mass M .
Finally, since gˆab is a solution to source-free Einstein’s equations, the condition on the
stress energy tensor in Definition 1 is trivially satisfied. Thus we have obtained a conformal
completion of (Mˆ, gˆab) in which it is asymptotically Schwarzschild-de Sitter. Furthermore,
qab can be recast as a conformally flat metric explicitly:
qabdx
adxb =
l2
τ 2
(
dτ 2 + τ 2 dω22
)
(3.7)
where τ = et/l. Hence the space-time is also strongly asymptotically de Sitter.
Remark: Note that if we set M = 0, the physical metric gˆab reduces to the de Sitter
metric. Therefore, if we again use the conformal factor Ω = l/r, the topology of I+ would
be S2×R and the completion would be conceptually different from that considered in section
III A. This is because the static coordinates underlying this construction —and hence the
conformal completion we obtain by setting Ω = l/r— are tied to a specific ‘time translation’
Killing field ∂/∂t. In de Sitter space-time, of course, there is no preferred rest frame; we have
a 10-parameter group of isometries. In particular the ends i+ and io of I+ of this conformal
completion are not left invariant by the full isometry group, whence this completion is
unnatural from the perspective of the full structure of the de Sitter space-time.
13
C. The Kerr-de Sitter solution
At a conceptual level, the situation with Kerr-de Sitter space-time is completely par-
allel although now the detailed expressions are significantly more complicated. In Boyer-
Lindquist type coordinates the physical metric is given by [33, 34]:
dsˆ2 = (r2 + a2 cos2 θ)
[dr2
∆r
+
dθ2
1 + a
2
l2
cos2 θ
]
+ sin2 θ
1 + a
2
l2
cos2 θ
r2 + a2 cos2 θ
[adt− (r2 + a2)dφ
1 + a
2
l2
]2
− ∆r
r2 + a2 cos2 θ
[dt− a sin2 θdφ
1 + a
2
l2
]2
where ∆r = − r4l2 +(1− a
2
l2
)r2−2Mr+a2. In the limit a→ 0, one recovers the Schwarzschild-
de Sitter metric as expected. We can again focus on a future asymptotic region and choose
the conformal factor Ω = l/r. In the (t,Ω, θ, φ) coordinates the conformally rescaled metric
is then given by:
ds2 = Ω2dsˆ2 = l2
(
1 + Ω2
a2
l2
cos2 θ
) [ dΩ2
−1 +
(
1− a2
l2
)
Ω2 − 2M
l
Ω3 + a
2
l2
Ω4
+
dθ2
1 + a
2
l2
cos2 θ
]
+ sin2 θ
1 + a
2
l2
cos2 θ
1 + Ω2 a
2
l2
cos2 θ
[Ω2 a
l
dt− l
(
1 + Ω2 a
2
l2
)
dφ
1 + a
2
l2
]2
−
−1 +
(
1− a2
l2
)
Ω2 − 2M
l
Ω3 + a
2
l2
Ω4
1 + Ω2 a
2
l2
cos2 θ
[dt− a sin2 θdφ
1 + a
2
l2
]2
. (3.8)
Thus the rescaled metric gab is well defined at Ω = 0 whence we can again use this surface
as I+. Since gab∇aΩ∇bΩ=ˆ− l−2, ∇aΩ is nowhere vanishing on I. The intrinsic 3-metric qab
at I is now given by:
qab dx
a dxb=ˆ
1(
1 + a
2
l2
)2 dt2 − 2a sin2 θ(
1 + a
2
l2
)2 dtdφ+ l21 + a2
l2
cos2 θ
dθ2 +
l2 sin2 θ
1 + a
2
l2
dφ2, (3.9)
and is again conformally flat because its Bach tensor vanishes. Thus the discussion is
completely analogous to that in the case of Schwarzschild-de Sitter. In this completion, Kerr-
de Sitter is asymptotically Schwarzschild-de Sitter and strongly asymptotically de Sitter. We
will see in section V C that the conserved quantity associated with the Killing field ∂/∂t is
(1 + (a2/l2))−2M and that associated with ∂/∂φ is −(1 + (a2/l2))−2Ma.
D. The Vaidya-de Sitter solution
While the examples considered so far are important as they represent physically inter-
esting equilibrium configurations of isolated systems, they do not encode dynamics. The
simplest dynamical example is the collapse of a spherical null fluid to form a black hole, or
its time reverse, the evaporation of a white hole through emission of a spherical null fluid,
described by the Vaidya-de Sitter solutions [35]. While these processes are over-idealized
from an astrophysical perspective, the example is conceptually interesting because it offers
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FIG. 3: Conformal diagram of the Vaidya-de Sitter space-time describing the gravitational collapse
of an in-falling null fluid from I−. The in-falling null fluid is indicated by the shaded (yellow) region
v1 ≤ v ≤ v2. In contrast to the asymptotically flat case, now the dynamical nature of the space-time
geometry modifies the structure even at I+. While in the Schwarzschild-de Sitter space-time the
Killing and the cosmological horizon E+(i−) coincide near I+ they are now distinct; one intersects
I+ and the other meets the singularity. Furthermore, the natural identification that allowed us to
consider a single black hole (and the associated white hole) in the Schwarzschild-de Sitter case is
no longer available.
the first glimpses of the effects of non-trivial dynamics on the structure of cosmological hori-
zons and asymptotic symmetries without recourse to numerical simulations. These lessons
will be important for the later part of this program dealing with general isolated systems in
full, non-linear general relativity [27].
Here we will focus on a Vaidya-de Sitter solution that describes black hole formation (see
Fig. 3). In terms of the advanced null coordinate v and the spherical coordinates r, θ, φ, the
metric can be expressed as
dsˆ2 = −(1− 2M(v)
r
− r
2
l2
)dv2 + 2dvdr + r2 dω22 , (3.10)
where the mass function M(v) has the following properties: M(v) = 0 for v < v1, it increases
monotonically from zero to a value M during the interval v1 ≤ v ≤ v2, and M(v) = M for
v > v2. gˆab is a solution to Einstein’s equation in presence of a stress-energy tensor
Tˆab =
M˙
4pir2
∇av∇bv , (3.11)
where M˙ = dM/dv. The space-time naturally splits into three regions: de Sitter before
collapse (v < v1), dynamical region during collapse (v1 ≤ v ≤ v2), and Schwarzschild-de
Sitter after collapse (v2 < v). The physical metric gˆab is spherically symmetric in all three
regions. What is the structure of I? Since in a neighborhood of I+ the physical space-time
is isometric to the Schwarzschild-de Sitter space-time of mass M , the structure of I+ is the
same as that in section III B.
On the other hand, because of the incoming radiation, the structure of I− is different from
that in the Schwarzschild-de Sitter space-time. Let us discuss it in some detail. One can
again carry out a conformal completion using Ω = l/r to attach I− as the (past) boundary
to the physical space-time. The form (3.11) of the stress-energy tensor implies that not only
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does Ω−1Tˆab admit a limit to I−, but that the limit is in fact zero, in spite of the incoming
radiation. Furthermore, although the ‘time translation’ Killing field does not extend to
the dynamical region, the affine parameter t of the space-like geodesics orthogonal to the
three rotational Killing vectors again runs from t = −∞ to t = ∞. Therefore I− is also
geodesically complete. Next, the asymptotic Weyl curvature Kabcd vanishes on the portion
of I− with v < v1, and an explicit calculation shows that it has only a non-zero electric part
Eab for v > v1. Thus, in spite of the incoming radiation from I−, the conformal completion
with Ω = l/r endows the Vaidya space-time with the structure of a strongly asymptotically
de Sitter space-time with I− of the asymptotically Schwarzschild-de Sitter type.
The dynamical nature of gˆab has an interesting consequence for the causal structure of
space-time, which will be important to our framework describing general isolated systems in
presence of a positive Λ [27]. Let us first examine space-time geometry in the non-dynamical
examples discussed in the last two sub-sections. Of particular interest are the event horizons
associated with i∓. Their structure is the same in de Sitter and Schwarzschild-de Sitter
space-times: the future horizon E+(i−) of i− and the past horizon E−(i+) of i+ are both
null 3-surfaces and Killing horizons for the ‘time translation Killing field’, ∂/∂t. (In the
de Sitter space-time, this is the ‘time translation’ adapted to the chosen points i∓ on I∓.)
These Killing horizons intersect at a bifurcate horizon 2-surface where the ‘time-translation’
Killing vector field vanishes. In our dynamical example, the past event horizon E−(i+) of i+
is again a Killing horizon because it lies entirely in the v > v2 region. But since E
+(i−) does
intersect the dynamical region, it is no longer a Killing horizon to the future of the v = v1
surface. In the region v > v2 we do have a Killing horizon HK for the ‘time-translation’ of the
Schwarzschild-de Sitter metric. Like E+(i−), it is a null surface. However, HK lies strictly
to the future of E+(i−) (see Fig. 3). The Killing field is now transversal to the portion of
E+(i−) that lies to the future of v = v2. This split between E+(i−) and the Killing horizon
HK has interesting implications for the conceptual framework describing non-stationary
isolated systems with positive Λ both in the classical [27] and quantum regimes.
E. Friedmann-Lemaˆıtre cosmology
The notion of asymptotically de Sitter space-times is useful not only to the study of
isolated systems but also in the description of the late time behavior of the universe in
Friedmann-Lemaˆıtre cosmology with positive Λ. In this case, Einstein’s equations inform
us that if matter obeys the strong energy condition, then the result of the expansion is
that the cosmological constant dominates at late times, irrespective of how small its value
is. Current observations imply that today the source of the Hubble parameter has two
predominant components, modeled by dust (∼ 30%) and Λ (∼ 70%). Since the expansion
of the universe dilutes the energy density of dust as a−3 (where a is the co-moving scale
factor) and the energy density of Λ remains constant, given sufficient time, the universe will
be naturally driven to become an asymptotically de Sitter space-time. We will now make
these qualitative considerations more precise.
Let us first use Einstein’s equations together with observational inputs to construct a
space-time metric to describe the late stages of the large scale dynamics of our universe. For
spatially flat, k = 0 universe, the physical metric has the form
dsˆ2 = −dt2 + a2(t) (dx2 + dy2 + dz2) (3.12)
and Einstein’s equations allow us to relate the matter content of the universe with the time
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dependence of the scale factor a:
H0(t− t?) =
∫ a(t)
a?
da˜√
Ωr,0a40
a˜2
+
Ωd,0a
3
0
a˜
+ ΩΛ,0a˜2 + (1− Ωc)
(3.13)
Here H = a˙/a is the Hubble parameter; the subscript 0 refers to today’s values and the
subscript ? to values at any chosen ‘initial’ time; and Ωi = (8piG/3H
2) ρi are the fractional
density parameters, with the subscript r referring to radiation, d to dust, and c to the
critical density ρc := (3H
2/8piG). Taking input from current observations for the values of
the density parameters: Ωr,0 ∼ 0, Ωd,0 ∼ 0.3, ΩΛ,0 ∼ 0.7 and Ωc ∼ 1, and setting t?  t0,
we obtain
H0(t− t?) = 2
3
√
0.7
ln
[√0.7a3 +√0.3a30 + 0.7a3√
0.7a3? +
√
0.3a30 + 0.7a
3
?
]
. (3.14)
Since the expansion is dominated by Λ at late times, the leading-order behavior of the scale
factor is expected to be exponential. This is borne out by inverting (3.14) to obtain the
scale factor as a function of time as follows:
a(t) =
e−β∆t
(2.8)1/3
[0.3a30(1− e3β∆t)2 + 1.4a3?(1 + e6β∆t)− 2
√
(0.7a3?)(0.3a
3
0 + 0.7a
3
?)(1− e6β∆t)]1/3
(3.15)
where the parameter β :=
√
0.7H0 conveniently captures the residual effect of the presence
of dust, and ∆t := (t− t?). At late times, the scale factor simplifies to:
a(t)→ Γa?eβ∆t (3.16)
where Γ =
[
1
2
+
0.3a30
4∗0.7a3? +
1
2
√
1 +
0.3a30
0.7a3?
]1/3
. Note that in the absence of dust we would have
de Sitter space-time where Γ = 1 and β = H0.
For the conformal completion we wish to carry out, it is convenient to re-express the scale
factor as a function of the conformal time η, related to the co-moving time t via dη = dt/a:
a(η) = − 1
βη
. (3.17)
Thus, at late times, we can write the physical metric as
dsˆ2 =
1
β2η2
(
− dη2 + dx2 + dy2 + dz2
)
. (3.18)
We can now carry out the conformal completion to verify if conditions in Definition 2 are
met. The form (3.19) suggests that we set Ω = −β η so that the conformally rescaled metric
is given by:
ds2 = −β−2dΩ2 + dx2 + dy2 + dz2. (3.19)
On I, where Ω = 0, ∇aΩ is non-zero because gab∇aΩ∇bΩ =ˆ− β2. The physical metric gˆab
satisfies Einstein’s equations with Tˆab = ρˆuˆauˆb with uˆ
a the unit 4-velocity of a co-moving
observer and ρˆ = ρˆd = 0.3 ρˆc,0 (a
3
0/a(t)
3). Therefore, in terms of fields which have well-
defined limits to I+, we have Ω−1 Tˆab = const uaub (with gabuaub = −1), which admits a
smooth limit to I+. Finally, by inspection, the induced metric on I+ is:
qabdx
adxb = dx2 + dy2 + dz2. (3.20)
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FIG. 4: Conformal diagram of the Friedmann-Lemaˆıtre space-time with positive Λ. This space-time
corresponds only to the Poincare´ patch of de Sitter space-time because of the big-bang singularity
along the event horizon E+(i−) (i.e., η = −∞, where η is the conformal time).
Hence I+ is geodesically complete and (conformally) flat. The fact that it is coordinatized
by x, y, z shows that its topology is R3. Thus our conformal completion makes (Mˆ, gˆab)
strongly asymptotically de Sitter in a Poincare´ patch. This is just what one would expect
because, since the future event horizon E+(i−) of i− in de Sitter space-time corresponds to
the big bang singularity, (Mˆ, gˆab) is conformally isometric to the expanding Poincare´ patch,
the ‘upper triangle’, of de Sitter space-time. Finally, if we set ρˆ = 0, locally the solution
reduces to the de Sitter space-time. Therefore we could have used Ω = −β η also in that
case. The resulting conformal completion would be inequivalent to the natural conformal
completion discussed in section III A where I+ is topologically S3 and includes the point io
at spatial infinity.
We conclude by noting that the ‘genuinely dynamical’ nature of this space-time distin-
guishes it from de Sitter space-time in three respects. First, as noted above, even though
the conformally rescaled metric gab at I+ is the same as that in de Sitter space-time, the
conformal factor Ω = −β η = −√0.7H0 η retains a memory of the matter content. Second
difference is more important: whereas the area of the event horizon E−(p) of any point p on
I+ is constant in de Sitter space-time, it increases monotonically as one approaches I+ in
the Friedmann-Lemaˆıtre space-time because of the matter content. Finally, this space-time
has a big-bang singularity at t = 0 or η = −∞. Therefore it corresponds only to the ‘upper
triangle’ of de Sitter space-time (see Fig. 4).
Remarks:
1) Recall from section II B that although in Definition 1 the explicit requirement is only
that Ω−1Tˆab should have a smooth limit to I, field equations and Bianchi identities ensure
that the space-space and space-time components of this limit vanish and only the time-
time component can be non-zero. If the matter consists of Yang-Mills fields or a null fluid
of the Vaidya-de Sitter solution, or radiation filled Friedmann-Lemaˆıtre cosmology, even
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this component vanishes. In the definition of asymptotically Minkowski space-times one
routinely requires that Ω−2Tˆab have a smooth limit to I. We did not impose this stronger
fall-off condition because in the dust filled Friedmann-Lemaˆıtre solution we just discussed,
the limit of the time-time component of Ω−1Tˆab is smooth but non-zero.
2) We focused on the Friedmann-Lemaˆıtre model because it is used very widely in the
contemporary cosmological literature. However, we expect that the early investigations by
Wald [36] of Bianchi models will provide additional examples once appropriate restrictions
are made on matter fields. We also expect that the much more general results obtained
recently by Ringstro¨m [37] on absence of cosmological hair will provide a large class of
examples satisfying our Definition 2 of asymptotically de Sitter space-times. However, a
detailed analysis is necessary to relate the results obtained in these references in physical
space-times to extract the precise asymptotic behavior of various fields after appropriate
conformal completions.
IV. ASYMPTOTIC SYMMETRIES
Given a set of boundary conditions, the asymptotic symmetry group G =
Diff∞(M)/Diff
0
∞(M) is the quotient of the group Diff∞(M) of diffeomorphisms on the phys-
ical space-time (Mˆ, gˆab) that preserve the boundary conditions by its sub-group Diff
0
∞(M) of
diffeomorphisms that are asymptotically identity. At the infinitesimal level, elements of the
Lie algebra g of G can be naturally represented by vector fields ξa on I, motions along which
preserve the universal structure —the structure that is shared by all space-times satisfying
the given boundary conditions. As we noted in section I, the situation with asymptotic
symmetries is rather subtle for Λ > 0. Therefore we will first briefly recall the asymptotic
symmetries for Λ = 0, and then discuss the Λ > 0 case. This detour will also serve to bring
out the reason behind the surprising difference in the asymptotic symmetry groups in the
two cases.
A. Asymptotically Minkowski space-times
The definition of asymptotically Minkowski space-times is the same as Definition 2, but
now Λ is set to zero, Ω−2Tˆab is required to have a smooth limit, and the completeness
requirement is adapted to the null character of I [29]. The resulting structure at I can
be summarized as follows. Since I is null, the null normal na is now also tangential to I
and the intrinsic metric qab on I is degenerate, with signature 0,+,+. Under a conformal
rescaling Ω→ Ω′ = ωΩ, we have n′ a =ˆω−1na and q′ab =ˆω2qab. Using this freedom, again one
can always pass to a conformal frame in which ∇ana =ˆ 0. The conformal freedom is then
reduced to Ω′ =ˆωΩ where Ln ω =ˆ 0. The completeness restriction on I is the requirement
that the vector field na be complete in any of these ‘divergence-free’ conformal frames. Field
equations imply that in these conformal frames, the pull-back to I of ∇anb vanishes, whence
Ln qab =ˆ 0. The integral curves of na are referred to as generators of I. Finally, one can
pass to the space S of generators of I. S is required to have topology S2 to capture the fact
that one can move away from the isolated system along null rays in any angular direction.
Therefore the topology of I is S2×R and the affine parameter u of na spans the full interval
(−∞, ∞) in the R-direction.
The universal structure is therefore given by pairs (qab, n
a) of fields on a 3-manifold I with
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topology S2×R such that: i) na is complete; ii) qab is a degenerate metric of signature 0,+,+
with qabn
b =ˆ 0 and Ln qab =ˆ 0; and, iii) any two pairs (qab, na) and (q′ab, n′a) are related by
q′ab =ˆω
2qab and n
′a =ˆω−1na for some ω satisfying Lnω =ˆ 0. Because 2-spheres carry a unique
conformal structure, the metrics qab in this collection are all conformal to a unit 2-sphere
metric.
The BMS group B is the group of diffeomorphisms preserving this universal structure.
B is substantially smaller than Diff(I) and furthermore has rich, physically interesting
structure because of two reasons. First, the BMS symmetries must preserve the ruling of
I by its null normals. Therefore, a BMS vector field ξa must satisfy Lξna =ˆαna for some
function α (satisfying Lnα =ˆ 0). This implies that vector fields ξa = fna (with Lnf =ˆ 0)
form a Lie ideal of the BMS Lie algebra. This is the infinite-dimensional sub Lie algebra s
of BMS supertranslations. Thus, because the diffeomorphisms generated by the BMS vector
fields must preserve the natural ruling of I, B is smaller than Diff(I) and has a semi-direct
product structure. Next, note that the condition Lξna =ˆαna also implies that every BMS
vector field ξa can be projected to a vector field ξ¯a on the 2-sphere S of generators of I
which then characterizes the element of the quotient b/s it naturally defines. Furthermore,
the condition that the pairs (qab, n
a) be preserved by the BMS action implies that ξ¯a is a
conformal Killing field on the space S of generators of I (equipped with metrics qab). The
second key factor that dictates the structure of the BMS group is that the 2-sphere has a
unique conformal structure. Therefore, the quotient b/s is just the Lie algebra of conformal
isometries of a round 2-sphere, which turns out to be isomorphic to the Lorentz Lie algebra
in 4 dimensions. This is why B is the semi-direct product, B = S n  L, of the group S of
supertranslations with the Lorentz group  L. Finally, the unique conformal structure of S2
also leads to the non-trivial result that B admits a unique 4-dimensional normal sub-group
of translations T [19].
B. Asymptotically de Sitter space-times
Let us now consider the Λ > 0 case. Although the definition of asymptotically Minkowski
space-times is completely parallel to that of asymptotically de Sitter space-times, the fact
that Λ is now positive rather than zero has a drastic effect on the structure of the asymptotic
symmetry group. First, as we saw in section II B, now I is space-like. Therefore na is no
longer tangential to I, whence I no longer carries a natural ruling. Consequently the
presence of na does not restrict the diffeomorphisms on I in any way. Indeed, Diff(I) does
not even have a well-defined action on na now.
In any admissible conformal completion of the physical space-time, I does carry an
intrinsic positive definite metric qab and we have the rescaling freedom qab → q′ab = ω2qab.
The second major difference from asymptotically Minkowski I is that (in contrast to the 2-
sphere that featured in that analysis) Riemannian 3 -manifolds do not carry a fixed conformal
structure. For definiteness, let us fix the topology of I to be S3, although our arguments
extend to other topologies as well. Conditions in the definition do not restrict qab to be
conformally related to the unit 3-sphere metric q˚ab. In particular, while q˚ab has vanishing
Bach tensor (and is therefore conformally flat), there is no a priori reason for the metric qab
obtained in a conformal completion of a general, globally asymptotically de Sitter space-
time to share this property. Indeed, Friedrich’s global analysis of stability of de Sitter
space-time [38] shows that there are globally asymptotically de Sitter space-times in which
the metric qab on I can lie anywhere in an open ball around q˚ab in a certain function space.
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(This point will be made explicit using gravitational perturbations of de Sitter space-time
in [26].) Thus a priori the universal structure at I would consist of all 3-metrics qab on S3 of
signature +,+,+. Since the asymptotic symmetry group G consists of all diffeomorphisms
that preserve the universal structure, the group would be all of Diff(I). This group does
not admit any preferred ‘translation’ and ‘rotation’ sub-groups that can be used to define
energy-momentum and angular momentum in a canonical fashion. Thus, the rich structure
made available by the BMS group B in the asymptotically Minkowski space-time to define
Bondi charges and fluxes disappears once there is a positive Λ, however small.
Remarks:
1) Friedrich’s results [38] only show that qab can be any metric in an open neighborhood
of q˚ab, rather than any metric on S3. However, his goal was to establish global stability of de
Sitter space-time while here the goal is much more modest; now only the asymptotic behavior
near I is relevant. Furthermore, while Friedrich restricted himself only to Maxwell and Yang-
Mills fields (to control the estimates needed for his global result), in this asymptotic analysis
we allow general matter fields, subject only to the requirement that Ω−1Tˆab has a well-defined
limit to I. Because these requirements are significantly weaker, it is reasonable to expect
that any metric qab on S3 will be realized as the intrinsic metric on I of some asymptotically
de Sitter space-time.
2) What would happen if we have Λ < 0? Now I would be time-like. But except for the
difference in the signature of qab all our considerations will still apply and the asymptotic
symmetry group would again be Diff(I) for space-times satisfying only the conditions of
Definition 2 but with Λ < 0. However, as explained in section I, because I is now time-like,
to obtain well-defined evolution, we are naturally led to impose suitable boundary conditions
on fields at I in addition to the conditions of Definition 2. These conditions significantly
reduce the symmetry group (see, e.g., [22, 24, 28]).
C. Strongly asymptotically de Sitter space-times
Let us now consider only those space-times that satisfy Definition 3, i.e., require that the
metric qab be conformally flat, or equivalently, the magnetic part Bab of the leading order
Weyl curvature be zero on I. We will discuss the three topologies introduced in section II A
in turn.
1. S3 topology
Now the universal structure consists of the 3-manifold I with S3 topology, equipped with
the class of conformally flat metrics qab of signature +,+,+. Therefore now the group G of
asymptotic symmetries is just the group of conformal isometries of any one metric qab in this
class. It is well-known that this group is isomorphic with the de Sitter group GdS ≡ SO(1, 4).
Thus, conformal flatness of qab is a strong requirement as it reduces the infinite dimensional
Diff(I) to a 10-dimensional group. One can give a convenient description of G using the
unit round metric q˚ab in this conformal class:
q˚ab dx
adxb = dχ2 + sin2 χ (dθ2 + sin2 θdφ2), (4.1)
where χ ∈ [0, pi], θ ∈ [0, pi] and φ ∈ [0, 2pi). The Lie algebra g of G is spanned by confor-
mal Killing fields on (I, q˚ab). The 6 Killing vectors of q˚ab provide us with the Lie algebra
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so(4) of SO(4) which naturally splits into two so(3) sub-algebras: so(4) = so(3)L ⊕ so(3)R.
One can choose a basis in the 10-dimensional Lie algebra so(1, 4) such that the remaining
4-dimensional space is spanned by ‘pure’ conformal Killing fields Ca on (I, q˚ab), i.e., vec-
tor fields on I which satisfy not only LC q˚ab =ˆ 2α q˚ab for some smooth function α but also
D˚[aCb] =ˆ 0. (Recall that the Killing fields K
a satisfy D˚(aKb) = 0; hence the terminology
‘pure’ conformal for the vector fields Ca.)
Let us embed (I, q˚ab) as the unit 3-sphere in (an abstractly defined) 4-dimensional Eu-
clidean space (R4, e˚IJ). Then, it turns out that there is a natural 1-1 correspondence between
the 10 Killing fields of (R4, e˚IJ) and elements of g. Each of the 6 Killing fields of q˚ab is of
course just the restriction of a rotational Killing field of (R4, e˚IJ) to I, and is therefore
labelled by a 2-form k˚IJ on R4:
Ka = q˚aI k˚IJ x
J , (4.2)
where q˚aI is the projection operator on the unit 3-sphere and xJ are the position vectors of
points in R4. The pure conformal Killing fields on I turn out to be just the projections of
the 4 translational Killing fields c˚I on (R4, e˚IJ) to I:
Ca = q˚aI c˚
I . (4.3)
Thus, each form k˚IJ on R4 defines a Killing field Ka and each vector c˚I defines a ‘pure’
conformal Killing field Ca on (I, q˚ab). The commutation relations are then given by:
[K, K ′] = K ′′ , where k˚′′I
J = k˚I
Lk˚′L
J − k˚′ILk˚LJ
[K, C] = C ′ , where c˚′I = −k˚IJ c˚J , and
[C, C ′] = K , where k˚IJ = 2 c˚′[I c˚J ] . (4.4)
This is a convenient basis for calculations. For example, the 4 ‘pure’ conformal Killing
fields Ca are generally taken to represent ‘translations’ in g, and are used to define the
de Sitter energy-momentum, analogs of the more familiar energy-momentum 4-vectors in
asymptotically Minkowski space-times. However, note that while the first two brackets in
(4.4) mimic the familiar commutation relations between rotations and between rotations and
translations, the last bracket does not: while the 4 translations c˚I commute on (R4, e˚IJ), the
4 ‘pure’ conformal Killing fields Ca in g do not.
2. R3 topology
As we just saw, when the topology of I is S3, the full de Sitter group GdS constitutes
the asymptotic symmetry group G. For other topologies, the local structure is the same. In
particular, when Bab =ˆ 0, the intrinsic metric on I is again conformally flat and, given any
conformal completion, we are led to consider the 10 conformal Killing fields of q˚ab. Recall
however that in Definition 2 of asymptotically de Sitter space-times we also required that
(I, qab) be complete. Therefore the question is if the 3-manifold I we began with continues
to be complete also with respect to the image of qab under diffeomorphisms generated by all
10 conformal Killing fields. When I is topologically S3 as in section IV C 1, this is assured
by compactness of I. But in non-compact topologies this issue has to be analyzed case by
case. The asymptotic symmetry group can be smaller if I fails to remain complete with
respect to the image of qab under some conformal isometries. We will find that this does
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happen. When the topology is R3, the group is reduced to a 7-dimensional sub-group and
when it is S2 × R to a 4-dimensional sub-group.
Before entering the calculations of completeness, it is instructive to return to the example
of de Sitter space-time with a conformal completion that bestows R3 topology on I (as in
section III E). In this case, one focuses only on the Poincare´ patch of de Sitter space-time,
i.e., on the causal future of a chosen point i− on I−, which represents the past time-like
infinity of a family of observers in de Sitter space-time (see Fig. 4). This patch is covered
by coordinates η, x, y, z, introduced in section III E, with x, y, z assuming their full range
on R3 and the conformal time η ∈ (−∞, 0). The past boundary of this region is the event
horizon E+(i−) of i− which is not part of the Poincare´ patch because η = −∞ there. Now,
since the metric in the Poincare´ patch is just the de Sitter metric, locally it admits 10
Killing fields. However, since our space-time is only a part of the de Sitter space-time, only
those isometries are permissible that map the Poincare´ patch to itself. In terms of Killing
fields, then, only those de Sitter Killing fields are now permissible that are tangential to
E+(i−). Geometrically, it is simplest to characterize this restriction by embedding de Sitter
space-time as a hyperboloid H in a 5-dimensional Minkowski space M5. The 10 Killing
fields of de Sitter space-time are just the Lorentz generators in M5 and the event horizon
E+(i−) is realized as the intersection of H with a 4-dimensional null hyperplane N passing
through the origin of Minkowski space M5. Therefore, the isometry group of the Poincare´
patch is generated by those Lorentz Killing fields in M5 that are tangential to N . This is
a 7-dimensional sub-group of GdS. In the Poincare´ patch the generators are given by the
three space-translations and three 3-rotations on the η = const surfaces and the ‘dilation’
D =
1
l
[
η
∂
∂η
+ x
∂
∂x
+ y
∂
∂y
+ z
∂
∂z
]
. (4.5)
Therefore, one would anticipate that when Bab=ˆ0, the asymptotic symmetry group G of
space-times that are asymptotically de Sitter in a Poincare´ patch would not be the full
10-dimensional GdS but rather this 7-dimensional sub-group thereof. We will now use com-
pleteness of I to arrive at this result using only the intrinsic structure at I.
Let us then consider any strongly asymptotically de Sitter space-time in which I has R3
topology. Since I is equipped with a class of conformally flat metrics qab, it is now convenient
to work with a flat metric q˚ab in this class and the associated set of Cartesian coordinates
xi. We can then introduce a convenient basis in the 10-dimensional Lie algebra of GdS: 3
translations T a, 3 rotations Ra, 1 dilation Da and 3 ‘inverted translations’ T˜ a (which are
also known as ‘special conformal transformations’). The dilation is just the extension to I of
the vector field (4.5) and satisfies LD q˚ab = 2q˚ab. The inverted translations T˜ a are associated
with constant vectors t˚a on (R3, q˚ab):
T˜ a := 2(˚tbx
b)xa − (xbxb) t˚a satisfying LT˜ q˚ab = 4(˚tcxc) q˚ab, (4.6)
where xa are the Cartesian coordinates of q˚ab. The question is if these 10 conformal Killing
fields of q˚ab preserve completeness of I. That is, to begin with, we know that I is complete
with respect to the given conformal class of metrics qab (to which q˚ab belongs). Under the
1-parameter family dV(λ) of diffeomorphisms generated by any of these 10 conformal Killing
fields V a we have: qab → qab(λ) = d?V (λ) qab = ω2λqab for an appropriate ωλ, and the issue is
whether the given manifold I continues to be complete with respect to these metrics qab(λ).
To analyze this issue, it suffices to focus just on q˚ab. Since q˚ab is left invariant under the
action of the 6 Killing fields and rescaled just by a constant, e2λ, under the action of the
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dilation, it follows that the diffeomorphisms generated by these 7 symmetry vector fields do
preserve completeness of I. Therefore, we need to examine only the 3 inverted translations
T˜ a in some detail.
Let us begin by recalling the geometric meaning of the inverted translations. Consider
the ‘inverted’ coordinates x˜a = xa/r2 which send the origin to the point io at spatial infinity
and io to the origin. (Here, as usual, r2 = x2 + y2 + z2.) Using the x˜a coordinates we can
carry out a one point compactification of I ≡ R3 to obtain S3. Coordinates xa cover all of
S3 except the ‘north pole’ io and the coordinates x˜a cover all of S3 except the south pole (the
origin in xa coordinates). The T˜ a are simply the translations of ˜˚qab; their components are
constant in the x˜a coordinates (which explains the term ‘inverted translations’). Therefore
it is clear that starting from any point (other than the origin) of the original R3 we can
reach io by moving along the integral curves of T˜ a through a finite affine parameter. This
suggests that these diffeomorphisms may not preserve completeness of I.
This is indeed the case. To be specific, let us consider the inverted translation Z˜a along
z-direction (i.e., set t˚a∂a = ∂/∂z). Then, it is easy to verify that the image q˚ab(λ) of q˚ab
under the 1-parameter family of diffeomorphisms dZ˜(λ) is given by
q˚ab(λ) = ω
2(λ)q˚ab =
1
(1 + 2λz + λ2r2)2
q˚ab. (4.7)
Because ω(λ) goes to zero sufficiently fast as one approaches io, the proper length of, say, the
curve y = 0, z = 0 with respect to q˚ab(λ) is finite, equal to pi/λ. Thus, our given 3-manifold
I is incomplete with respect to q˚ab(λ) if λ 6= 0, whence the inverted translation Z˜a is not a
permissible symmetry for our completion that endows I with R3 topology. Clearly the same
result holds for any inverted translation.
To summarize, as we expected from the conformal completion of the Poincare´ patch of de
Sitter space-time, for conformal completions that make physical space-times asymptotically
de Sitter in a Poincare´ patch, inverted translations are not part of the asymptotic symmetry
group G. This group is now a 7-dimensional sub-group of GdS. If we introduce a basis
Ti, Ri, D with i = 1, 2, 3 in the Lie algebra g, then the commutation relations are given by:
[D,Ti] =
1
l
Ti , [D,Ri] = 0, [Ti, Rj] = ij
kTk, and [Ri, Rj] = ij
kRk . (4.8)
Remark:
We have presented the argument for the reduction of G from 10 to 7 dimensions in some
detail because the issue is somewhat subtle. The metric q˚ab(λ) is flat because it is just
the image of a flat metric q˚ab under a diffeomorphism. Therefore, each of its Cartesian
coordinates can be extended to assume the full range from −∞ to∞. By construction, this
extended manifold would be complete w.r.t. q˚ab(λ). But this extension is not relevant for us.
We are given a conformal completion with (I, q˚ab) as the boundary. We ask if an inverted
translation of q˚ab is an asymptotic symmetry, which requires in particular that the manifold
I we begin with remain complete with respect to the metrics q˚ab(λ). What we showed is
that it does not. The discussion of isometries of the Poincare´ patch and of the geometrical
meaning of inverted translation is, strictly speaking, not needed for the final result. But it
brings out the reason as to why certain symmetries cease to be permissible as we move from
S3 topology to R3 topology.
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3. S2 × R topology
The S2 ×R topology results when one removes a point —say, the origin— from R3. The
3 translations T a, that are permissible in the case when the topology is R3, fail to leave the
origin invariant. Alternatively, starting from a point on S2 × R one can reach the origin
in R3 by moving a finite affine parameter distance along the integral curve of one of the
3 translations. Therefore, one would expect that the same reason that made the inverted
translations T˜ a inadmissible as asymptotic symmetries in the R3 case, would now make the
three translations T a inadmissible. This is indeed the case. We will now show that the
symmetry group of I with topology S2×R is generated only by the three rotations and the
dilation.
Let us begin with the 3-metric qab on I of the Schwarzschild-de Sitter space-time discussed
in section III B:
qabdx
adxb = dt2 + l2 dω22 = dt
2 + l2 (dθ2 + sin2 θ dφ2) (4.9)
for which I is complete. It can be cast in a manifestly conformally flat form by introducing
r := l exp(t/l):
qabdx
adxb =
l2
r2
(
dr2 + r2 dω22
)
=
l2
r2
q˚abdx
adxb . (4.10)
As expected, the origin of the flat metric q˚ab is not in I because qab is ill-defined there. Under
the 1-parameter family of diffeomorphisms generated by, say, the z-directional translation
Za, the image d?Z(λ) qab =: qab(λ) of qab is given by:
qab(λ) =
l2
x2 + y2 + (z + λ)2
q˚ab (4.11)
whence the distance between the point, say, x = 0, y = 0, z = zo and the origin with
respect to qab(λ) is finite, given by l ln((zo + λ)/λ). Thus, when λ 6= 0, the manifold I we
began with —which is complete with respect to the metric qab— is no longer complete.
Therefore the translations T a are not permissible symmetries, whence the symmetry group
of asymptotically Schwarzschild-de Sitter space-times is only 4-dimensional, generated by
the three rotations Ri and the dilation D, with commutation relations given by (4.8). Now,
there is a preferred time translation, represented by D.2
In summary, when the leading order term of the magnetic part of the Weyl tensor Bab is set
to zero, the intrinsic metric on I is conformally flat. This leads to a drastic reduction of the
group of asymptotic symmetries from the infinite dimensional Diff(I) to a finite dimensional
group. Had we not included the completeness requirement in Definition 2, then the universal
structure would have included all conformally flat metrics and the symmetry group would
have been the de Sitter group. However, completeness requirement is important, e.g., to
have a useful notion of black holes.3 With completeness requirement, only a sub-class of
conformally flat metrics is permissible when the topology of I is either R3 or S2 × R. The
2 Strictly, we should also check that the inverted translations of q˚ab are also not symmetries but the argument
is essentially the same as that in section IV C 2.
3 A space-time (M, gab) admits a black-hole region B if the past of I+ does not cover M . Therefore if
we were to drop the completeness requirement, one could just attach a portion of full I+ to, say, the de
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asymptotic symmetry group G is then a proper sub-group of the de Sitter group GdS: it is
7-dimensional for R3 topology and 4-dimensional for S2 × R topology. In applications, the
S3 topology is useful primarily for studying perturbations of pure de Sitter space-times. In
the cosmological context we are led to the R3 case and for isolated gravitating systems to
the S2 × R case. Therefore the corresponding symmetry groups will play an important role
in subsequent papers. This interplay between topology and asymptotic symmetries is a new
feature associated with the Λ > 0 case; it does not arise in the asymptotically Minkowski
context where the topology of I is always S2×R and, in presence of gravitational radiation,
the asymptotic symmetric group is always the BMS group B.
V. THE Bab =ˆ 0 CONDITION
In this section we will probe the geometrical and physical meaning of the stronger bound-
ary condition Bab =ˆ 0 at I and show that it is a severe restriction which cannot be justified,
or even motivated, on physical grounds. Since this is an important issue, we will proceed in
three steps.
We will begin in section V A with the Λ = 0 case and analyze the implication of the Bab =ˆ 0
condition at I in the well-understood asymptotically Minkowski context. The additional
restriction now reduces the BMS group to the 10-dimensional Poincare´ group, just as it
reduced Diff(I) to the 10-dimensional de Sitter group in section IV C 1. However, we will
find that the condition implies that there is no gravitational radiation at I ! Given the close
parallel between the reductions of symmetry groups in the two cases, the last result can be
taken to be an indication that the condition Bab =ˆ 0 is inadmissible in the Λ > 0 case as well.
But recall that since I is null in the Λ = 0 case, the electric and magnetic parts of the Weyl
tensor are not independent. Therefore the question naturally arises: Is this implication of
absence of gravitational radiation in the Λ = 0 case perhaps tied with the fact that I is null
in this case?
To probe this issue, in section V B we examine test Yang-Mills fields in de Sitter space-
time where I is space-like and analyze the implications of the analogous additional condition
Bai =ˆ 0 in the Yang-Mills sector. This analysis enables one to separate effects that can be
attributed primarily to the null nature of I in the Λ = 0 case from those that originate from
the non-Abelian character of the interaction —i.e., the fact that in the Yang-Mills theory
(and general relativity), fields act as their own source. We will show that the condition
Bai =ˆ 0 does reduce the local gauge group at I to the global gauge group, just as Bab =ˆ 0
reduces Diff(I) to GdS in the gravitational case. This enables one to define Yang-Mills
charges unambiguously. However, they are absolutely conserved; even though Yang-Mills
fields are sources of their own charges, there is no leakage through I. Furthermore, while a
restricted class of Yang-Mills waves is permissible at I, they do not carry de Sitter energy-
momentum or angular momentum even locally. Thus the requirement Bai =ˆ 0 is again a
strong restriction that cannot be justified.
Finally, in section V C, we consider the full, non-linear gravitational field in the Λ > 0
case. The discussion of the first two sub-sections provides a deeper understanding of the
Sitter space-time, consider its past, and arrive at the absurd conclusion that de Sitter space-time contains
a black hole! For the same reason, I+ is required to be complete in the asymptotically Minkowski case
as well [39].
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structures at play in this case. We will find that the technical implication of the condition
Bab=ˆ0 is closer to that of Bai =ˆ0 in the Yang-Mills case: while it does not completely rule
out gravitational waves at I, it is a severe restriction because it implies that the local fluxes
of energy-momentum and angular momentum carried by gravitational waves across I must
all vanish.
A. Asymptotically Minkowski space-times
Fix an asymptotically Minkowski space-time (Mˆ, gˆab) and a completion (M, gab) thereof
with a conformal factor Ω. Then, I is topologically S2 × R and, as discussed in section
IV A, endowed with a pair of fields (qab, n
a). This leading order structure is common to all
asymptotically Minkowski space-times. The next order structure is the pull-back D of the
space-time connection∇ compatible with gab. The pull-back is well defined because∇anb =ˆ 0
in the divergence-free conformal frames that are used, and satisfies Daqbc =ˆ 0 and Dan
b =ˆ 0.
However, D is not uniquely determined by these properties because it is degenerate. What
physical information does it encode? Recall first that there is still considerable restricted
conformal freedom. Therefore one is naturally led to consider equivalence classes {D} of
conformally related derivative operators D. The difference between the {D} arising from any
two space-times is characterized by a trace-free symmetric tensor σab defined intrinsically on
I which is transverse to na (in the sense that σabnb =ˆ 0). The two independent components
of σab correspond to the two radiative modes of the gravitational field in full, non-linear
general relativity. (For proofs of results quoted in this sub-section, see [15].)
Since I is 3-dimensional, the Riemann curvature Rabcd of D is completely captured in a
second rank tensor Sa
b:
Rabc
d =ˆ
1
2
(qc[aSb]
d − Sc[aδb]d) (5.1)
where Sab = Sa
c qbc. Under (the restricted) conformal transformations, Sa
b has a complicated
transformation property. However, using the fact that the space of integral curves of na is
topologically S2, it is possible to extract the conformally invariant information in Sab. This
is encoded in two tensor fields at I. The first is a symmetric, transverse, trace-free tensor
Nab, called the Bondi news tensor [40]. A common strategy is to use a ‘Bondi conformal
frame’ in which (na is divergence-free and in addition) qab is the unit 2-sphere metric. In
a Bondi frame, Nab is simply the trace-free part of Sab. Fluxes of all the BMS momenta
carried away by gravitational waves all vanish if Nab = 0. The second tensor field is the
‘magnetic part’ Bac of the asymptotic Weyl curvature:
Bac = ?Kabcd nb nd where Kabcd = lim→I Ω
−1Cabcd . (5.2)
The two tensor fields are related by
Bab = 2 amnDmNnb (5.3)
Now let us consider space-times for which Bab =ˆ 0. Then we have D[mNn]p =ˆ 0. Transvect-
ing this equation with na and using naNab =ˆ 0 and Dan
b =ˆ 0, one obtains LnNab =ˆ 0. There-
fore Nab admits an unambiguous projection to the 2-sphere S of generators of I, which we
denote by N¯ab. Without loss of generality one can work in a Bondi frame. Then, on a unit
2-sphere S, we have a tensor field N¯ab satisfying
N¯[ab] = 0, N¯abq¯
ab = 0, and D¯[a N¯b]c = 0 , (5.4)
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where q¯ab is the unit 2-sphere metric on S induced by qab on I, and D¯ is its torsion-free
derivative operator. Appendix A shows that the only solution to these equations is N¯ab = 0
on S which immediately implies Nab=ˆ0 on I.4 Therefore, if Bab =ˆ 0 on I, connections {D}
have trivial curvature.
In space-times with Bab = 0 at I, it is then natural to include the ‘trivial’ equivalence
class of connections {D˚} in the list of universal structures at I. For this family of
space-times, the asymptotic symmetry group is the sub-group of the BMS group B that
also leaves this {D˚} invariant. It turns out that this reduces the infinite dimensional
BMS group B to a 10-dimensional Poincare´ sub-group thereof. This consequence of
the Bab = 0 condition in the Λ = 0 case is completely analogous to that in the Λ > 0
case. However, since Bab = 0 implies that the Bondi news tensor Nab must also vanish,
these space-times admit no gravitational waves. Therefore, outside the limited context of
stationary space-times, the requirement is extremely strong.
Remark :
The definition Bac =ˆ ?Kabcdnbnd of the magnetic part of the Weyl tensor used here is the
natural analog of that used in the decomposition of the Weyl tensor on space-like and time-
like surfaces. In the Newman-Penrose notation, Bab =ˆ 0 is equivalent to Ψ04 =ˆ 0, Ψ03 =ˆ 0 and
ImΨ02 =ˆ 0. Therefore, it is not surprising that Bab =ˆ 0 implies that the Bondi news Nab
vanishes. However, because the normal na is now also tangential to I when it is null, a
key difference arises: the electric and magnetic parts are no longer independent. The five
components of Eab correspond to Ψ04, Ψ03 and ReΨ02. Thus, the condition Bab =ˆ 0 imposes a
strong condition on Eab as well; now its only non-zero component is ReΨ02. This determines
the Bondi mass which is in general non-zero but absolutely conserved because there is no
gravitational radiation to carry away energy-momentum.
B. Yang-Mills fields in de Sitter space-time
Let us now consider source-free Yang-Mills fields Fˆ iab in the de Sitter space-time (Mˆ, gˆab),
where the index i refers to the Lie algebra of the internal group which we will take to be an n-
dimensional compact group G. Since the Yang-Mills equation is conformally invariant, if we
denote the Yang-Mills connection by Aˆia, then A
i
a = Aˆ
i
a satisfies the Yang-Mills equation on
the conformally rescaled space-time (M, gab). We assume that A
i
a admits a smooth extension
to I (which is compatible with the requirement on the stress-energy tensor in Definition 1).
At I, we can define two types of physical quantities for Yang-Mills fields. The first of
4 Since LnNab=ˆ0, if Nab were not to vanish and I were to be complete, then the total flux of Bondi energy
over I would be infinite. Therefore invoking the obvious physical considerations one can conclude that
Nab must vanish on I. Appendix A establishes this result without assuming completeness of I. Also
an intermediate result in the proof holds in higher dimensions and has been used in different contexts,
including the analysis of the structure at spatial infinity [2, 3, 41].
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these are associated with isometries of de Sitter space-time: given a Killing field ξa,
Fξ[∆I] :=
∫
∆I
Tab ξ
an˚b d3V
= − 1
4pi
∫
∆I
abcE
a
i B
bi ξc d3V (5.5)
defines the flux of the ‘de Sitter momentum’ across any patch ∆I of I. Here n˚a is the
unit normal to I, Tab denotes the stress-energy tensor of the Yang-Mills fields, Eai = F abi n˚b,
Bai =
?F abi n˚b, and in the second step we have used the fact that every Killing field ξ
a is
tangential to I. The second type of physical quantity arises from the fact that, because of
its non-Abelian nature, the Yang-Mills field carries its own charge. Therefore, given any
2-sphere S and a Lie-algebra-valued field ζ i on it, we can define electric and magnetic type
charges:
Q[S, ζ] :=
1
4pi
∮
S
Eai ζ
i dSa, and Q
?[S, ζ] :=
1
4pi
∮
S
Bai ζ
i dSa. (5.6)
However, because of the local gauge freedom in choosing the generator ζ i, in each class we
have an infinite family of charges. If we vary S, the values of these charges change because of
two reasons. First, there is a leakage of the Yang-Mills fields between any two 2-spheres and,
second, the generators ζ i can change in an arbitrary fashion from one 2-sphere to another.
To compare charges in a useful manner one needs a rigid prescription to choose ζ i on any
2-sphere S to enable one to say that one is comparing the values of the ‘same’ charge on two
different 2-spheres. This can be achieved by restricting oneself only to those Yang-Mills fields
for which Bai vanishes at I. Then the pull-back ←F iab to I of the Yang-Mills field vanishes and
we can introduce covariantly constant Lie-algebra valued fields ζ i. Thus, the gauge group
is reduced from the infinite dimensional group Loc[G] of local gauge transformations to
the n-dimensional group G of global gauge transformations, just as the infinite dimensional
Diff(I) is reduced to the 10-dimensional GdS by imposing Bab =ˆ 0. Furthermore, using these
covariantly constant ζ i, we can define n charges Qζ [S] on any 2-sphere, associated with the
global gauge group. Therefore, it is now meaningful to compare charges on two different
2-spheres S1 and S2 and attribute the difference solely to the leakage of the Yang-Mills fields
between S1 and S2. In view of this nice structure, it is tempting to regard the additional
condition Bai =ˆ 0 as a natural restriction.
However, from (5.5) we see that if Bai =ˆ 0, then all 10 de Sitter fluxes vanish identically.
Furthermore, this happens across any local region ∆I of I; i.e., not because of a subtle
cancellation between different regions. Secondly, while now we have well-defined global
charges Qζ [S], because we can now choose a gauge such that A
i
a = 0 in the region enclosed
by any given two 2-spheres S1 and S2, we have
Qζ [S1] − Qζ [S2] =
∫
∆I
(DaE
a
i ) ζ
i d3V
=
∫
∆I
DivA(Ei) ζ
i d3V = 0 (5.7)
where ∆I is the region of I bounded by S1 and S2, DivA is the gauge covariant divergence,
and where in the last step we have used the Gauss law. Thus, the charges Qζ are independent
of the choice of the 2-sphere S. Finally, since I is topologically S2, one can just contract
any 2-sphere S indefinitely, whence Qζ [S] = 0 for charges and all S.
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The vanishing of the fluxes and charges already shows that the restriction Bai =ˆ 0 is
quite severe from a physical viewpoint. Mathematically, we can just refer to the Cauchy
problem at I to conclude that the restriction removes half the degrees of freedom. We
can still have transverse electric fields Eai at I but they will have zero local fluxes of de
Sitter energy, momentum and angular momentum and all the electric charges will also vanish.
Remarks:
1) Had we worked in the Poincare´ patch of de Sitter space-time, I would be topologically
R3. We could also have considered space-times which are asymptotically Schwarzschild-de
Sitter where I is topologically S2 × R. In both cases, the same analysis shows that all the
local fluxes (5.5) vanish and the n electric charges (5.6) are independent of the surface S.
However, in the S2 × R case, these charges need not be zero. This is completely analogous
to what happens in stationary space-times in the asymptotically Minkowski context where
the total 4-momentum and angular momentum of the space-time can be non-zero but fluxes
of these ‘charges’ across any patch of I vanish identically.
2) In the Yang-Mills case, charges (5.6) refer to the internal group while the fluxes (5.5)
refer to the asymptotic space-time symmetries. In the gravitational case the charges are
again 2-sphere integrals and fluxes are 3-surface integrals. But now they both refer to the
asymptotic space-time symmetries and are therefore intertwined: fluxes account for the
differences between the gravitational charges associated with different 2-spheres.
C. Non-linear gravitational fields with Λ > 0
Let us now consider strongly asymptotically de Sitter space-times. For simplicity of
presentation, we will first consider the case when I is topologically S3 and then discuss the
other, more interesting topologies.
1. Further consequences of field equations and Bianchi identities
Since Bab =ˆ 0 and I has S3 topology, it is equipped with a 10-dimensional group of
conformal isometries, isomorphic to GdS. The natural question is whether, given a 2-sphere S
on I, we can associate with each generator ξa of these isometries a gravitational charge Qξ[S]
and analyze the fluxes Fξ[∆I] across regions ∆I bounded by two 2-spheres. These would be
the analogs of the Bondi charges [17] and fluxes [16] in asymptotically Minkowski space-times
discussed in section V A and the charges and fluxes of Yang-Mills fields discussed in section
V B. To probe this issue we need to find suitable consequences of the field equations and
Bianchi identities that would motivate the definitions of charges and lead to the balance laws
in terms of appropriate fluxes. This discussion will be parallel to that in the asymptotically
anti-de Sitter case [22] once the difference in the sign of Λ has been taken into account.
However, there is a subtle error in the intermediate steps of that discussion which led to the
omission of terms involving the trace of the stress energy tensor of matter in the final result.
We will take this opportunity to correct that error.
Let us begin by considering the contracted Bianchi identity to the next leading order
from that considered in (2.10). Set
Ta
b := Ω−3 Tˆab (5.8)
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which has a smooth limit to I and treat it as a tensor field in the conformally completed
space-time, whose indices are raised and lowered with the rescaled metric gac and gcb. Then
on Mˆ we have the identity:
∇mKabcm = 8pi G
Ω
[
− 2n[a Tb]mgmc + Tn[agb]c + gc[aTb]mnm +
1
3
Ω(∇[aT)gb]c −Ω∇[aTb]mgmc
]
.
(5.9)
Transvecting this equation with nanc, projecting the free index by qbp and taking the limit
to I we obtain:
DmEmp =ˆ lim→I 4pi G
[
(1/l) Jp +
1
3
DpT + na∇a
(
Tbc q
bp(
nc
n · n)
)−Dp(Tac (nancn · n ))] . (5.10)
Here
Emp =ˆ lim
→I
Kampb n˚an˚b, and J
p =ˆ lim
→I
Ω−4 Tˆabqap n˚b (5.11)
and n˚a =ˆ l na is the unit (future pointing) normal to I. Emp is the leading order, electric part
of Weyl curvature, and Jp is the leading order matter current at I. (Recall that the limit
to I of Ω−3 Tˆabqap nb vanishes.) Eq. (5.10) simplifies considerably on using again the fall-off
conditions (2.14) which tell us that only the component Tabn
anb of Tab can be non-zero at
I. We obtain:
DmEmp =ˆ 8pi G
(1
l
Jp − 1
3
DpT
)
. (5.12)
This will serve as the key equation for defining charges and fluxes at I.
Remark:
Eqs. (5.9), (5.10) and (5.12) are conformally covariant, as they must be: under gab → g′ab =
ω2gab (with n
a∇aω =ˆ 0), they just get multiplied by a power of ω. However, explicit checks of
this behavior is rather subtle for the last two of these equations because various components
of Tba have different asymptotic behavior.
2. Gravitational Charges
We can now obtain appropriate balance laws starting from Eq. (5.12). Recall that if
Bab =ˆ 0, infinitesimal asymptotic symmetries are represented by conformal Killing fields on
I. Let us transvect (5.12) with a conformal Killing field ξa and integrate over a portion of I
bounded by two 2-spheres (or, more generally, any two 2 compact surfaces). By integrating
by parts and using the fact that Eab is symmetric and trace-free, we obtain:
l
8piG
(∮
S2
−
∮
S1
)
(Eab + 8piG
3
Tqab) ξ
adSb =
∫
∆I
(Jaξ
a + αTl) d3V (5.13)
where the function α is given by
Lξ qab = 2α qab . (5.14)
At first glance, the first term on the right side of (5.13) would appear to be the matter flux
associated with ξa through the region ∆I. However, it is not conformally covariant: under
gab → g′ab = ω2gab (with na∇aω =ˆ 0), on I we have:
J ′p ξ′p =ˆω
−3 (Jpξp − (ω−1Lξ ω) lT) . (5.15)
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The second term transforms as
α′T′l =ˆω−3
(
α + ω−1 Lξω
)
(T l) . (5.16)
Therefore the sum of the two terms on the right of (5.13) is conformally covariant and,
since d3V ′ = ω3d3V , the integral on the right is conformally invariant. Thus, to define a
physically viable matter current we need the second term on the right side; it is the sum
that represents Fmattξ [∆I], the flux of the ξa component of the de Sitter momentum across
∆I, carried by matter.
In view of (5.13) we are now led to define the 2-sphere integrals on the left hand side as
charges Qξ[S] associated with the generator ξ
a of the asymptotic symmetry. Therefore we
set:
Qξ[S] := − l
8piG
∮
S
(
Eab + 8piG
3
T qab
)
ξar˚b d
2V (5.17)
where r˚a is the unit normal to S and d2V the volume element on S. This is the gravitational
charge associated with the asymptotic symmetry generator ξa and the 2-surface S. Again,
for these charges to have physical content, they should refer only to the physical space-
time under consideration and not to the choice of the conformal completion made in their
definition. Under a rescaling we have:
E ′ab =ˆω−1 Eab, T′ q′ab = ω−1T qab, ξ′a = ξa, r˚′
b
=ˆω−1r˚b and d2V ′ =ˆω2 d2V . (5.18)
Therefore the charges (5.17) are indeed conformally invariant. (Similarly, the flux integral
on the right side of (5.13) is also conformally invariant, as it must be for consistency.) Thus,
the charge integrals are indeed insensitive to the choice of conformal completion.
The charge integrals (5.17) and the balance laws (5.13) have two novel features from the
viewpoint of asymptotically Minkowski space-times. We will conclude this sub-section with
a discussion of these differences.
The first feature is the appearance of a matter term in the integrand of the gravitational
charge integral. However, recall that in the asymptotically Minkowski space-times, one asks
for a stronger fall-off for the stress energy tensor, namely that Ω−2Tˆab should have a limit
to I (rather than Ω−1Tˆab as in Definition 1). Had we imposed this stronger condition, then
the field T would vanish on I and the extra term would disappear. As discussed in section
II A, the stronger condition is in fact natural for Yang-Mills fields and null fluids and the
gravitational charge is then expressed entirely in terms of geometry. However, as we also
pointed out in section III E, the weaker condition is necessary to accommodate cosmological
solutions. In the Friedman-Lemaˆıtre cosmologies, it turns out that the extra term integrates
out to zero for all conformal Killing fields in the charge integrals as well as balance laws
if we restrict ourselves to round 2-spheres. However, in the general cosmological contexts,
such as those considered in [37], they would play an interesting role.
The second difference from the asymptotically Minkowski case is more significant. In
absence of matter sources, charges (5.17) are absolutely conserved, i.e, do not depend on
the choice of the 2-sphere S used in their evaluation. Therefore, if I is topologically S3 or
R3, we can just continuously shrink the 2-sphere to a point to conclude Qξ[S] = 0 for any
asymptotic symmetry generator ξa and any 2-sphere S. In particular, as one would expect
physically, all gravitational charges vanish identically in de Sitter space-time. Interesting
cases correspond to isolated systems where the topology of I is S2 × R and the asymptotic
symmetry group is 4-dimensional, with one time translation (or dilation) and three rotations.
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3. Examples
A first viability test of the definition (5.17) is provided by computing these charges in
simple examples. In the Schwarzschild-de Sitter space-time, using the conformal completion
discussed in section III B, we obtain:
Eab =ˆ − 3GM
l3
(
DatDbt− 1
3
qab
)
. (5.19)
Since the matter current Ja and T vanish identically, the charge integrals are independent of
the choice of the 2-sphere S. Therefore we can evaluate them on round 2-spheres. A simple
calculation gives:
Qt[S] = M and QR[S] = 0, (5.20)
where ta is the time translation, ta∂a = ∂/∂t and R
a any rotational Killing vector.
Next, consider the conformal completion of the Kerr space-time discussed in section III B.
Now, the expressions are much more involved:
Eab =ˆ− GM
l(1 + a
2
l2
)2
( 2
l2
∇at∇bt−
(
1 + a
2
l2
)2
1 + a
2
l2
cos2 θ
∇aθ∇bθ (5.21)
− sin2 θ[1− a2
l2
(1
2
− 3
2
cos 2θ
)]∇aφ∇bφ− 4a
l2
sin2 θ∇(at∇b)φ
)
. (5.22)
The unit normal r˚a to the 2-spheres, t =const, and the intrinsic volume element d2V on
them are given by:
r˚a∂a =ˆ
√
1 + a
2
l2
1 + a
2
l2
cos2 θ
((
1 +
a2
l2
)(
∂
∂t
)
+
a
l2
(
∂
∂φ
))
, (5.23)
d2V =ˆ
l2 sin θ√
1 + a
2
l2
cos2 θ
√
1 + a
2
l2
dθ dφ . (5.24)
A direct evaluation of the charge integrals Qξ[S] of (5.17) shows that, as one would expect,
only those corresponding to the time translation Killing field, ξa∂a = t
a∂a ≡ ∂/∂t and the
rotational Killing field ξa∂a = φ
a∂a ≡ ∂/∂φ are non-zero. They are given by:
Qt[S] =
M
(1 + a
2
l2
)2
and Qφ[S] = − Ma
(1 + a
2
l2
)2
. (5.25)
These values are the Λ > 0 counterparts of the Kerr-anti-de Sitter charges obtained in
[42, 43]. Note that in the limit Λ → 0 we have l → ∞ and the values of charges reduce to
the standard Kerr charges.5 However, in the presence of a cosmological constant, the metric
has three parameters M,a and l, and the parameter M is not the charge generating time
translation ∂/∂t. It generates a rescaled time translation ∂/∂t¯ where t¯ = (1 + (a/l)2)2 t,
5 The negative sign in front of the angular momentum charge is present also in the calculation at I in
asymptotically flat space-times if one uses the convention l · n = −1 at I. The value of the mass is
insensitive to this choice.
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where the rescaling varies from one space-time to another. In asymptotically Minkowski
space-times, by ‘the’ time translation, one means the one which is normalized to have unit
norm at infinity with respect to the physical metric. In the presence of a cosmological
constant, the norm of the ‘time translation’ with respect to the physical metric diverges and
so a canonical normalization for all space-times is not available. However, the first law of
black hole thermodynamics restricts the freedom to change the normalization as one moves
from one space-time to another [44]. Deruelle has shown that the (anti-de Sitter analogs of
the) charges obtained here do satisfy the first law [42].
Remark:
In this sub-section we focused only on the time translation and three rotations because,
as we discussed in section IV, the completeness requirement in Definition 2 reduces GdS to
this 4-dimensional group. However, because qab is conformally flat, it admits 10 conformal
Killing vectors ξa; it is just that the finite diffeomorphisms they generate fail to preserve the
completeness condition. Since definitions of charges and fluxes do not refer to completeness,
we can still use any of the 10 ξa to define conserved charges Qξ[S] and fluxes Fmattξ [∆I]. In
the Kerr-de Sitter case, the additional 6 charges vanish on any S.
4. Fluxes and balance laws
Let us begin with the dynamical collapse described by the Vaidya-de Sitter solution. The
situation at I+ is the same as in the Schwarzschild-de Sitter solution. However, since there
is matter flux at I−, the charge integrals are not conserved in the range v1 < v < v2.
(But because the source is a null fluid T vanishes on I− even in the dynamical region.)
The leading term in the electric part of the Weyl tensor, Eab has the same form as in the
Schwarzschild-de Sitter space-time except that M is not a constant but a function of v.
Therefore, for any 2-sphere lying in the region v < v1, we have Eab = 0 and all charges
vanish. In the dynamical region, the non-trivial balance law (5.13) becomes relevant and
the values of the ‘energy’ charge integral increase in time in response to the matter flux Ja
flowing into the space-time across I−. For v > v2 the charge integral remains constant,
and equals M . The charge integrals and the balance laws faithfully capture the energetics
of the Vaidya solution because the underlying spherical symmetry implies that there are no
gravitational waves, whence one knows that the energy flux is entirely due to matter. The
overall situation parallels that in the Vaidya solutions in the Λ = 0 case.
However, more generally, in the Λ = 0 case the Bondi energy-momentum and angular
momentum change also because of the leakage of gravitational waves across I. For example,
for the charge corresponding to the time translation ξa = αna at I, the energy balance law
reads
Qξ[S1]−Qξ[S2] =
∫
∆I
α
[ 1
32pi
|Nab|2 + Tabnanb
]
d3V , (5.26)
where the first term on the right hand side describes the flux of energy carried by gravita-
tional waves. There is no analog of this term in (5.13). Thus, if Bab =ˆ 0, although the de
Sitter charges are well-defined, there is no flux of de Sitter momentum due to gravitational
waves even locally on I! In light of our discussion of the analogous condition in the Λ = 0
case in section V A, this could have been anticipated. For, when Bab =ˆ 0 the Bondi news
tensor Nab vanishes identically in the Λ = 0 case and the gravitational contribution to the
fluxes in the balance laws vanishes identically. That is, the balance law (5.13) is the direct
analog of the one in the Λ = 0 case with additional restriction Bab =ˆ 0. The parallel runs
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quite deep. For example, in the Λ = 0 case the expression for the energy-momentum and
angular momentum charge integrals is the same as the first term in (5.17). The second term
is absent simply because of the stronger fall-off of stress-energy tensor in the Λ = 0 case.6
However, there is also a key difference. In the Λ = 0 case, Bab =ˆ 0 implies that there is no
gravitational radiation at I at all ; the equivalence class of connections {D˚} is trivial. For
Λ > 0, this is not the case. Nothing prevents the electric part Eab of the asymptotic Weyl
tensor on I from having a ‘transverse-traceless’ piece in the decomposition of symmetric
tensors into longitudinal, trace and transverse-traceless parts (that is often used in the ini-
tial value formulation of Einstein’s equations). In [26] we will see this feature in detail in
the linearized approximation. In the Λ = 0 case, by contrast, if Bab =ˆ 0, the electric part Eab
is (again traceless but) longitudinal.
Thus, the situation in the Λ > 0 case is subtle. The condition Bab =ˆ 0 removes ‘half the
radiative degrees of freedom’ in the gravitational field and, in addition, the gravitational
waves it does allow can not carry any of the de Sitter momenta across I. In this respect
the situation is completely analogous to that for Yang-Mills fields in de Sitter space-time
discussed in section V B.
Remarks:
1) As we noted earlier, our discussion in this sub-section parallels that in the Λ < 0
case of [22]. But in that case, the condition Bab =ˆ 0 can be regarded as a reflective boundary
condition [24], an additional input that is needed to make the evolution well-defined because
I is time-like. The reflective nature of boundary conditions also explains why gravitational
waves do not carry away energy-momentum or angular momentum across I. For Λ > 0, on
the other hand, Bab =ˆ 0 is a genuine restriction because I is space-like.
2) Abbott and Deser had analyzed the asymptotic structure of the gravitational field
at spatial infinity already in the early 1980s [45]. They expanded the physical metric gab
around a de Sitter background g¯ab as gab = g¯ab + hab and defined gravitational charges using
superpotentials constructed from hab and its derivatives with respect to the background
g¯ab. However given only gab, a priori, there is some ambiguity in selecting the background
de Sitter metric g¯ab. Therefore, analogs of supertranslation ambiguities can arise in the
definitions of conserved charges (as briefly discussed in [22]).
This analysis was extended by Kastor and Traschen [46] to associate charges also with
conformal isometries of the background de Sitter space-time and they were able to establish
positivity of the charge associated with the conformal Killing field of g¯ab which is timelike
at I. Since this charge is associated with a conformal Killing field rather than Killing
field, and since Einstein’s equation is not conformally invariant, its physical interpretation
is not transparent even in the linearized theory. Still, because it is positive, it could play a
significant role, e.g., in various estimates used in geometrical analysis.
More recently, Kelly and Marolf [47] have provided a Hamiltonian framework based on
Cauchy data on space-like surfaces, analogous to the η = const surfaces considered in section
III E, without reference to I. It is likely that their charges coincide with (5.17) when our 2-
spheres S are chosen to lie in a neighborhood of io within I in which there is no matter flux.
However, to firmly establish this result, one would have to understand the relation between
6 Also, the overall multiplicative factor l is absent simply because one normally chooses the conformal factor
Ω ∼ 1/r with dimensions of inverse length in the Λ = 0 case while in the Λ 6= 0 case one chooses Ω ∼ l/r
which is dimensionless.
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the approach to io along Cauchy surfaces and along I more precisely. Finally, Chrus´ciel,
Jezierski and Kijowski have introduced the notion of a Hamiltonian mass for families of
vacuum initial data sets with ‘ends of cylindrical type’ [48]. To understand the relation
between this mass and the conserved charges introduced here, one would first have to show
that evolution of these data lead to space-times that are weakly asymptotically de Sitter in
the sense of Definition 1.
3) A natural strategy to relate frameworks based on I to those based on (partial) Cauchy
surfaces that go to spatial infinity, io, would be to introduce a 4-dimensional treatment of
spatial infinity along the lines used in [2, 3, 41, 49] for the Λ = 0 case. In the Hamilto-
nian framework one works in the physical space-time and de Sitter charges arise as surface
integrals on the 2-sphere boundaries of Cauchy surfaces at spatial infinity. Therefore, the
treatment given in [49] seems to be best suited for comparison because it attaches to the
physical space-time a 3-dimensional boundary rather than a single point io. We examined
this possibility in detail. However, it turns out that the structure for Λ > 0 is so different
that the basic ideas used in the Λ = 0 construction do not generalize. In particular we could
not endow the 3-dimensional ‘hyperboloid’ at spatial infinity with a universal geometry as
in the Λ = 0 case. Therefore a space-time covariant treatment of spatial infinity remains an
open problem.
4) In a Master’s thesis, Ja¨ger [50] has introduced charge integrals at I, following the
procedure used in asymptotically anti-de Sitter space-times [22], just as we did in this
section. However, as in [45, 47], a restriction was made to the source-free case. Therefore
the charge integral did not have the second term in the expression (5.17), nor the right side
of our balance law (5.13). Since the charges were absolutely conserved, the framework did
not allow for situations analogous to the Vaidya collapse. Also the condition Bab =ˆ 0 and
the associated symmetry reduction carried out in section IV was not considered, nor the
relation to the Λ = 0 case and Yang-Mills fields discussed in this section.
5) In the literature inspired by the AdS/CFT correspondence, to define gravitational
charges one generally introduces infinite counter terms to handle the blow up of the metric
components at infinity in the commonly used charts [51]. By contrast, in the framework
used here, everything is manifestly finite and no subtractions are necessary because the
formulation is in terms of the Weyl curvature which remains smooth (and in fact vanishes!)
at I.
VI. DISCUSSION
We began in section II by summarizing and slightly extending the standard constructions
that have been used in the literature to discuss asymptotically de Sitter space-times. In
section III we presented several examples to illustrate the finer differences one finds in
different physical situations, particularly in the topology of I. These examples also brought
out the differences from the more familiar asymptotically Minkowski space-times.
In section IV we discussed asymptotic symmetries in detail. We found that in general
asymptotically de Sitter space-times, the asymptotic symmetry group G is just Diff(I)
whence we cannot repeat the procedures used in the Λ = 0 case to extract physics from
the asymptotic behavior of the gravitational field at I. This surprising outcome has not
been appreciated in the literature in part because a stronger boundary condition is often
introduced that requires the intrinsic 3-metric at I to be conformally flat. Then, the sym-
metry group G reduces to the 10-dimensional de Sitter group GdS if the topology of I is
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S3. However, in physically interesting space-times the topology is generally different. In
the cosmological context it is often R3 and for isolated gravitating systems it is S2 × R.
We showed that completeness requirement on I reduces the symmetry group further to a
7-dimensional group in the R3 case and to a 4-dimensional group of a ‘time’ translation and
3 rotations in the S3 × R case.
In section V we showed that given these asymptotic symmetries we can introduce con-
served charges. In the Kerr-de Sitter space-time, and in the dynamical Vaidya-de Sitter
solution depicting the simplest black hole formation via gravitational collapse, the conserved
charges can be evaluated explicitly and provide the physically expected mass and angular
momentum. However, we also showed that even in fully dynamical space-times where one
expects gravitational waves near I, the charges are absolutely conserved if there is no matter
flux across I. Thus, one is apparently led to conclude that gravitational waves do not carry
energy or angular momentum across I if Λ > 0! However, this severe limitation comes from
the stronger conformal flatness condition. We showed that it is equivalent to asking that the
magnetic part Bab of the leading order Weyl curvature at I must vanish. Thus, while the
stronger condition seems attractive from symmetry considerations, it removes by fiat half
the degrees of freedom. These results are surprising because they imply that we do not yet
have a strategy to extract physics of gravitational waves, and more generally, properties of
isolated gravitating systems, in full general relativity with positive Λ. To better understand
this limitation, we discussed in some detail the implications of the condition Bab = 0 in the
Λ = 0 case and of the analogous condition Bai =ˆ 0 on Yang-Mills fields on de Sitter space-
time. We found that in both cases, the condition imposes unreasonably severe restrictions
on permissible fields and constrains all the local fluxes of energy, momentum and angular
momentum across I to vanish identically.
As pointed out in section I, this leads to a quandary: if we drop the requirement of
conformal flatness, the structure at I is too weak to extract physics and if we keep it, we
rule out the examples that are of primary interest to gravitational wave science and quantum
gravity and of significant interest to geometric analysis.
There are further issues of prime physical interest in these three areas that are difficult to
investigate using the currently available constructions. We will present one example in each
area. At the interface of general relativity and geometric analysis, positive energy theorems
are not only major landmarks but also serve as invaluable tools if Λ vanishes. However, in
the Λ > 0 case, we cannot even speak of de Sitter momentum unless we impose the stronger
Bab =ˆ 0 condition, which eliminates the possibility of accounting for energy, momentum and
angular momentum loss due to gravitational waves. Furthermore, now all symmetry vector
fields are space-like near I because I itself is space-like. Therefore, one cannot hope to
prove positive energy theorems either at I or at spatial infinity io.7 Indeed for test fields
in de Sitter space-time, energy can be arbitrarily negative even when all the local energy
conditions are satisfied simply because the ‘time translation’ vector fields are all space-like
near and on I. On the other hand, there is a time-translation Killing field which is time-like
in the static patch of de Sitter space-time, whence the flux of energy of test fields across the
future and the past cosmological horizons is guaranteed to be positive (see Fig. 1). Can
one perhaps extend this idea to full non-linear general relativity and obtain positive energy
7 A related issue is the black hole uniqueness theorem in 4 dimensions which has also remained wide open
for rotating black holes when Λ = 0 even though (unlike in the Λ < 0 case) the horizon is guaranteed to
have a 2-sphere topology.
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i+ i0
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FIG. 5: Conformal diagram depicting a spherical collapse. Shaded (yellow) region corresponds to
the collapsing spherical star. The dashed (red) lines with arrows represent integral curves of the
‘static’ Killing field. Note that the space-time is incomplete to the right unless we add another
collapsing star.
theorems?
Next, let us consider gravitational collapse leading to the formation of a black hole. In the
case of a Schwarzschild-de Sitter black hole, the well-known Kruskal conformal diagram of
the Λ = 0 case is replaced by Fig. 2. We now have cosmological horizons and, furthermore,
we have to carry out an identification if we want to avoid an infinite number of black hole
and white hole regions. Because of this identification, Cauchy surfaces now have topology
S2 × S1 (rather than S2 × R). Now consider gravitational collapse leading to the formation
of a Schwarzschild-de Sitter black hole depicted in Fig. 5. Again, the space-time diagram
continues indefinitely to the right but now because the collapsing region is dynamical, a
natural identification is not possible unless one adds another collapsing star to the right.
While one can do this in the spherical case [52], it seems difficult to envisage the analogous
extension for a generic collapse. In any case, physically, one generally needs to consider the
collapse of a single star, e.g., to study the Hawking effect. Then we are led to Fig. 5 which
shows that it will not suffice to specify the incoming state at I− alone, since additional
information can flow in from the time-like dashed line on the right of the diagram. And it
is difficult to know what the appropriate additional data would be to capture the idea that
the total incoming state be vacuum. Once the back reaction is included, further ambiguities
arise at I+.
Finally, consider the problem of black hole coalescence. Detailed investigations we are
aware of have been carried out in the Λ = 0 case. In that case, the I framework is rich and,
in particular, it enables one to calculate the 3-momentum that is radiated away across I+ (in
the center of mass frame defined by the ADM 4-momentum). To compensate for this loss,
the final black hole recoils, giving rise to the celebrated ‘black hole kicks’ of astrophysical
interest that have been studied in detail in numerical relativity [20]. If Λ > 0, gravitational
waves do not carry away any energy or momentum or angular momentum across I+. Does
this then mean that in our real universe with a positive Λ there are no kicks? More generally,
what are the implications to our actual universe with Λ > 0 of all the beautiful simulations
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in the Λ = 0 case that have provided us with detailed estimates of energy and angular
momentum loss across I+ in binary coalescences? These are important issues that must be
addressed now, since we are at the threshold of the golden era of gravitational wave science
through the global networks of advanced detectors.
The goal of the subsequent papers in this series is to construct a theoretical platform to
address these issues and also develop systematic techniques to estimate errors one makes by
setting Λ = 0 from the start. In view of the smallness of the observed value of Λ, we expect
these effects to be small. But we need a clean framework to say with confidence how small
they are even when the sources are at cosmological separations and gravitational waves have
been traveling distances of the order of a giga-parsec before reaching us. In the linearized
approximation, these calculations can be performed with the current theoretical tools (as,
e.g., in [26, 30]). However, keeping in mind the initial confusion on the physical reality of
gravitational waves in full, non-linear general relativity, we need the analog of the Bondi
framework in full general relativity to satisfactorily address these issues. Considering the
vast literature in the Λ < 0 case, it is rather puzzling that very basic physical issues remain
in the Λ > 0 case, in spite of its direct relevance to the universe we inhabit.
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Appendix A: Asymptotically Minkowski space-times
In this Appendix we prove a technical result that was used as an intermediate step in
section V A to show that, in asymptotically Minkowski space-times, if Bab =ˆ 0 then the Bondi
news tensor must vanish, i.e., Nab =ˆ 0.
In section V A we saw that Bab =ˆ 0 implies that Nab is a lift to I of a tensor field Nab on
the 2-sphere S of generators of I, satisfying:
N[ab] = 0, Nab q
ab = 0, and D[a Nb]c = 0 (A1)
where qab is the metric on S induced by the metric qab on I and D its derivative operator.
While this result holds in any conformal frame, it is easiest to extract its consequences by
working in a Bondi conformal frame where qab is the unit 2-sphere metric. In the rest of
this Appendix, we make this assumption.
Let us embed (S, qab) as the unit 2-sphere in R3 and denote the Cartesian coordinates in
R3 by xi. Then, the projections Ca := qab˚cb of constant vector fields c˚b on R3 provide us
with ‘pure’ conformal Killing fields on (S, qab):
Ca = Da˚c
bxb = q
c
a ∂c(˚cbx
b), and DaCb = −(˚ccxc) qab. (A2)
(Restrictions of functions c˚cx
c to S are linear combinations of the first three spherical har-
monics Y1,m.) It is easy to verify that D[a (Nb]cC
c) = 0. Therefore NbcC
c is a gradient Dbh
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on S and we can eliminate the freedom of adding a constant to its potential h by requiring∮
S
h d2V = 0.
Thus, Nab provides us with a linear map from the 3-dimensional space of ‘pure conformal
Killing fields’ Ca on (S, qab) to the space of functions h on S (satisfying
∮
S
hd2V = 0). But
there is also a natural isomorphism between the vector space of these Ca and the vector
space of their conformal Killing data [53] at any point p on S,(
Ca, D[aCb], DaC
a, DaDbC
b
)
p
= (qabDb˚c · x, 0, (˚c · x), qabDb(˚c · x))p . (A3)
Since the conformal Killing data is determined by the values of Ca and (˚c ·x) in the tangent
space of every point p on S, we have a number f and a vector Va such that the function h
determined by Nab is given at p by:
h = [qacDc(˚c · x)] Va + [˚c · x] f. (A4)
Now, using the relation Nab C
b = Dah and the fact that Nab is tangential to S and therefore
satisfies Nabx
b = 0, one concludes Va = Daf and hence
Nab = DaDbf + fqab. (A5)
This is the key consequence of the first and the third equations in (A1). Finally we
use the second equation. The fact that Nab is trace-free implies that f must sat-
isfy D2f + 2f = 0 whence it is necessarily of the form f = c˚ · x for some c˚. Substituting
this back in (A5) implies N¯ab =ˆ 0. Since Nab is the pull-back to I of N¯ab, we conclude Nab =ˆ 0.
Remark:
Since S has the topology of S2, the conclusion Nab = 0 follows already from N[ab] = 0
and DaNab = 0 on S which are implied by (A1) [54]. The proof we presented here is of
interest because of the intermediate result (A5) which follows only form the first and the
third equation in (A1), and more importantly holds also on surfaces of constant curvature
with higher dimensions and non-positive definite signature. (However, if the signature is not
positive definite, the trace-free property of Nab does not then imply Nab = 0.) The higher
dimensional result is used in the analysis of spatial infinity [2, 3, 41].
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